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ABSTRACT 

Whist ler  mode noise  leads  to e l ec t ron  pitch angle diffusion. S imi la r ly ,  

ion cyc lo t ron  noise  couples t o  ions.  

tion into the ionosphere and c r e a t e s  a pi tch angle dis t r ibut ion of t rapped  p a r t i -  

c les  which i s  unstable t o  f u r t h e r  wave growth. 

leads  t o  rap id  diffusion and pa r t i c l e  l o s s ,  the r equ i r emen t  that  the growth rate 

be l imi ted  to  the rate a t  which wave energy  is depleted by wave propagat ion 

allows an  e s t ima te  of an  upper  l imit  t o  the t rapped  equator ia l  pa r t i c l e  flux. 

E lec t ron  f luxes > 40 keV and proton fluxes > 120 keV observed  on E x p l o r e r s  

XIV and XI1 respec t ive ly  obey this  l imit  with occas iona l  exceptions.  

L = 4, 
acce le ra t ion  source  sufficient t o  keep the t rapped  pa r t i c l e s  n e a r  t he i r  p rec ip i -  

ta t ion l imi t  ex is t s .  

suggest ing a pa r t i a l  explanation f o r  the ex is tence  of l a r g e r  dens i t ies  of high 

e n e r g y  protons than e l ec t rons .  

pond t o  a diffusion coefficient in agreement  with observed  l i fe t imes .  

qu i red  equator ia l  whis t le r  mode wide band noise  intensity,  

obviously inconsis tent  with observat ions,  and is cons is ten t  with the l i fe t ime 

and l imit ing t r apped  pa r t i c l e  intensity. 

This  diffusion r e s u l t s  in pa r t i c l e  prec ip i ta -  

Since excess ive  wave growth 

Beyond 

the f luxes a r e  ju s t  below the i r  limit, indicating that  a n  unspecif ied 

Limiting proton and e l ec t ron  fluxes a r e  roughly equal,  

Observed e l ec t ron  pi tch angle p ro f i l e s  c o r r e s -  

The r e -  

y , is not 
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1. INTRODUCTION 

r 

Recent observat ions of energet ic  e l ec t ron  precipi ta t ion f r o m  the m a g -  

ne tosphere  to  the a tmosphe re  suggest that  f i r s t  adiabat ic  invariant  violation 

m u s t  be respons ib le  f o r  the observed untrapping. Burs t s  of precipi ta t ion have 

been observed  by balloon x - r a y  Bremss t rah lung  m e a s u r e m e n t  [ Winckler,  

e t  a l ,  1963, Anderson and Milton, 19641 and d i r ec t  > 40 k e V  e l ec t ron  

flux m e a s u r e m e n t s  with Injun 111 [ O'Br ien ,  

durat ions.  

equator  to  the ionosphere along a field l ine.  Much s h o r t e r  bu r s t s  than th i s  

would be unlikely,  even i f  these  electrons w e r e  thrown instantaneously into 

the loss  cone. 

on a s e c  t ime s c a l e ,  is a likely explanation, s ince  violation of the second 

invariant  would probably r e q u i r e  s e v e r a l  bounce per iods  and the re fo re  could 

not produce  such  shor t  b u r s t s .  

19641 which exhibit 1/10 - 1 s e c  

This is roughly the t ime for  t hese  e lec t rons  to  move f r o m  the 

This  sugges ts  that  first invariant  violation, which can occur  

McDiarmid  and  Budzinski [ 19641 a rgue  that the s imi l a r i t y  of e l ec t ron  

ene rgy  s p e c t r a  a t  1000 k m  heights and in the equator ia l  plane together  with 

the sho r t  observed  l i fe t imes  [ 103-5 s e c ,  O 'Br ien ,  19621 suggest  that  changes 

in pi tch angle without a change in energy ,  (f irst  invar ian t  violation) are  neces -  

s a r y .  

m i r r o r  points (103-5 sec)would  imply a total  energy  inc rease  in this t i m e  of 

a fac tor  of 10 . 
to  explain.  

Conservat ion of this  invariant during the t ime  the pa r t i c l e  l owers  its 

3 The observed  spec t ra l  s imi l a r i t i e s  would then be difficult 

The conditions fo r  first adiabatic invar ian t  violation a r e  quite r e -  

s t r i c t ive .  

This  immedia te ly  sugges ts  high frequency fluctuations in the whis t le r  and ion 

cyclotron modes ,  for  e l ec t rons  and ions respec t ive ly ,  

appropr ia te  f requency range .  

have  suggested that  ex terna l  sou rces  of whis t le r  radiat ion,  such  as a tmosphe r -  

i c s ,  m a y  account fo r  energe t ic  e lectron l i fe t imes  in the vicinity of L = 2.  

S imi l a r ly ,  Dragt  [ 19611 , Wentzel [ 19611, Chang and P e a r l s t e i n  [ 19641 and 

o t h e r s  have suggested that hydromagnetic waves will  s c a t t e r  protons out of 

the Van Allen Bel t s .  

A given pa r t i c l e  m u s t  s e e  fluctuations n e a r  its own gyro  frequency. 

s ince they have the 

In this  way, Dungey [ 19631, and  Cornwall  [ 19641 



, 
The  diff icul tyat  p re sen t  does not l ie  in identifying a pitch angle s c a t -  

t e r ing  mechanism,  but in evaluating quantitatively i ts  e f fec ts ,  and in finding 

r e s t r i c t ive  and conclusive compar isons  with observat ion.  Es t imat ion  of the 

fluctuation amplitude r equ i r e s  knowledge of ex terna l  wave s o u r c e s ,  such  as 

a t m a s p h e r i c s ,  or of the nonlinear p r o c e s s  which limits the ampli tude,  if 

wave ene rgy  i s  to be internal ly  genera ted  by an  instabil i ty.  

Cornwall  [ 19651 and B r i c e  [ 19651 

be unstable i f  the pitch angle dis t r ibut ion is sufficiently anisotropic .  

wave energy  can be generated within the magnetosphere ,  provided an  an iso-  

t ropic  pi tch angle dis t r ibut ion can  be maintained.  

a quantitative investigation of those effects  re la ted  to the p r e s e n c e  of waves 

which a r e  essent ia l ly  independent of the specif ic  wave s o u r c e .  

In th i s  r e g a r d ,  

have observed  that  the whis t le r  mode will  

Thus 

In th i s  paper  we a t tempt  

The l imitation of wave growth as well  as  the pi tch angle diffusion due 

to waves r equ i r e s  a nonlinear t r ea tmen t .  

turbulence is that it is often low level  and can  be t r e a t e d  accura te ly  to  second 

o r d e r  in wave amplitude. The re fo re ,  many fundamental  p rope r t i e s  a r e  de -  

fined in t e r m s  of the familiar l i nea r  ( f i r s t  o r d e r )  t heo ry  f o r  wave propagat ion 

and  growth. In Section 2 ,  we review the l i nea r  theory  of the wh i s t l e r ,  ion 

cyclotron and magnetosonic modes ,  concentrat ing on resonant  effects which 

lead  t o  wave growth. The s tabi l i ty  p rope r t i e s  depend p r i m a r i l y  upon pa r t i c l e s  

in cyclotron resonance ,  whose velocity pa ra l l e l  t o  the magnet ic  field Doppler 

shif ts  the wave frequency to  the i r  cyclotron frequency.  P i t ch  angles  of t h e s e  

pa r t i c l e s  a r e  thereby a l t e r ed .  

dis t r ibut ion of resonant  pa r t i c l e s  is sufficiently an iso t ropic .  

of the growth ra te  is de te rmined  both by the pi tch angle an iso t ropy  and by the 

fract ion of par t ic les  which a r e  resonant .  

A bas ic  s implif icat ion of p l a s m a  

Wave growth will  occu r  when the pitch angle 

The magnitude 

Simple physical  a rgumen t s  indicate that  resonant  wave growth is non- 

l inear ly  l imited.  

conserved  together.  If one gains  energy ,  the o ther  l o s e s .  Only the pitch 

angle anisotropy energy  of resonant  pa r t i c l e s  is avai lable  fo r  whis t le r  and ion 

cyclotron wave growth. 

energy ,  these  waves m a y  grow only to  a low l eve l  before  they  exhaust  the 

ene rgy  available to them. The  fac t  that waves take  ene rgy  f r o m  pa r t i c l e s  

a p p e a r s  in l inear  theory  as  the resonant  instabi l i ty;  the e f fec t  of the waves 

F o r  instance,  resonant  pa r t i c l e  e n e r g y  and wave e n e r g y  a r e  

Since this  is a small f r ac t ion  of the to ta l  kinetic 

- 2 -  
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back on the pa r t i c l e  dis t r ibut ion is necessa r i ly  nonl inear .  

show that  the pa r t i c l e  dis t r ibut ion for  an infinite p l a s m a  evolves by diffusion 

p r  imar ily in pitch angle towards  the m a r g i n a l  s tab i l i ty  c on f igurat ion-  pi tch 

angle i so t ropy  - a t  a r a t e  proport ional  t o  the s q u a r e  of the resonant  wave 

ampli tude.  Since the re  is l i t t le diffusion in ene rgy ,  t hese  waves cannot be 

an  acce lera t ion  mechanism.  

In Section 3 ,  we 

P i t ch  angle diffusion in spatially finite p l a s m a s  d i f fe rs  significantly 

f r o m  the infinite p l a s m a  c a s e .  

angle dis t r ibut ion appropr ia te  t o  the finite magnetosphere .  

which r e a c h  the  l o s s  cone a r e  lo s t  to the a tmosphe re ,  the s teady  pi tch angle 

dis t r ibut ion wil l  n e c e s s a r i l y  be anisotropic .  

ene rgy  is l o s t  to  the a tmosphe re ,  this an iso t ropy  has  the  appropr ia te  s ign to  

be unstable and thus can  gene ra t e  its own wave ampli tude.  

angle diffusion be se l f - sus ta in ing ,  both the pa r t i c l e s  and waves which e s c a p e  

m u s t  be rep laced .  

and the wave growth r a t e  m u s t  adjust ,  not to  z e r o  as fo r  the infinite p l a s m a ,  

but t o  a small posit ive value in o rde r  to  rep lace  lo s t  wave energy.  

In Section 4 we d i scuss  the s teady  s t a t e  p i tch  

Since pa r t i c l e s  

Since predominant ly  pa ra l l e l  

In o r d e r  that  pi tch 

T h e r e  mus t  be acce lera t ion  m e c h a n i s m s  fo r  the p a r t i c l e s ,  

Although the r a t e  a t  which par t ic les  diffuse towards  the l o s s  cone de -  

pends upon the magnitude of the diffusion coefficient,  and the re fo re  on wave 

ene rgy ,  the shape of the s teady  s ta te  pi tch angle dis t r ibut ion outside the l o s s  

cone is essent ia l ly  independent of the diffusion coefficient,  so  long as it is 

nonzero.  

of t he  t h e r m a l  conductivity; however,  the t e m p e r a t u r e  dis t r ibut ion is inde-  

pendent of conductivity when the t empera tu re  is specif ied a t  the boundaries .  

S imi l a r ly ,  the pitch angle anisotropy is fixed in s t eady  turbulent  diffusion). 

The  wave growth rate can  then depend only upon the number  of resonant  p a r t i -  

c l e s .  

so  tha t  the growth r a t e  j u s t  rep laces  escaping wave energy .  

r a t e  is too l a r g e ,  wave ene rgy  will accumula te ,  rapidly enhancing pa r t i c l e  

prec ip i ta t ion ,  t he reby  reducing the growth r a t e  t o  that  n e c e s s a r y  to  maintain 

a s t eady  wave dis t r ibut ion.  

t r apped  par t ic le  f luxes.  

the  wave growth r a t e  t o  the wave escape r a t e .  

when t rapped  fluxes are  n e a r  this l imi t .  

(In s teady  heat  conduction the heat flux depends upon the magnitude 

This number  m u s t  adjust  be balancing acce le ra t ion  with precipi ta t ion 

If t he  growth 

Therefore ,  t h e r e  is an upper  l imi t  t o  s tably 

We es t imate  this  upper  l imi t  in Section 5 by equating 

Instabi l i t ies  a r e  important  
/ 

Since observed  f luxes of > 40 keV 

- 3 -  



e lec t rons  satisfy the calculated upper l imi t ,  whis t le r  mode pi tch angle dif-  

fusion probably limits the e l ec t ron  intensi t ies .  

always n e a r  but below the i r  upper limit beyond 

occur  all the t ime t h e r e ,  and s o  the re fo re  does precipi ta t ion.  Higher  energy 

e lec t rons  a r e  less  of ten n e a r  instabil i ty because  the i r  f luxes a r e  usual ly  well 

below the f l u x  needed fo r  self-exci ta t ion,  

Since the i r  intensi t ies  a r e  

L = 5 ,  acce lera t ion  m u s t  

The corresponding l imi t  f o r  protons is d i scussed  in Section 6. It is 

Observed f luxes of again found that exper iments  conf i rm this  upper  limit. 

> 120 keV protons a r e  c lose  to  but do not exceed the l imi t ,  thus implying that  

a sufficient acce lera t ion  s o u r c e  a l s o  ex i s t s  for  protons.  It is a l s o  s ignif icant  

that  the calculated l imiting fluxes a r e  comparable  fo r  e l ec t rons  and ions.  

observat ion of l a rge r  proton than e lec t ron  dens i t ies  can then be explained by 

the fac t  that  both spec ie s  a r e  apparent ly  acce le ra t ed  to  the i r  l imit ing densi ty;  

however ,  the limiting proton densi ty  is significantly l a r g e r  than the l imiting 

e l ec t ron  number  density.  

The 

We emphasize that  th i s  e s t ima te  of the m a x i m u m  s tab ly  t rapped  flux 

involves only a compar ison  of the wave growth r a t e  with the wave e scape  r a t e ,  

which in t u r n  depends p r i m a r i l y  on the wave group veloci ty  and the length of 

a l ine of fo rce .  

the acce lera t ion  mechan i sms  which c r e a t e  i t .  If acce lera t ion  is continual,  

the t rapped  par t ic le  dis t r ibut ion will  eventually r e a c h  and be l imi ted  to  a 

max imum intensity and the observed  t rapped  pa r t i c l e  intensi ty  should then be 

insensi t ive to  fur ther  changes in the acce le ra t ion  mechan i sm.  

hand, the precipi ta t ion rate will  be s t rongly c o r r e l a t e d  with acce lera t ion ,  

when the t rapped fluxes a r e  n e a r  self- l imitat ion.  

d i scuss  the par t ic le  acce lera t ion  mechan i sms  s ince  they  a r e  not c l ea r ly  

understood at  p resent .  

It i s  c l e a r  the the maximum t rapped  flux cannot depend upon 

On the o ther  

In th i s  pape r  we will  not 

Besides  t rapped equator ia l  omnidirect ional  in tens i t ies ,  the other  

information available f o r  s tudy is pitch angle d is t r ibu t ions  obtained in and  

n e a r  the lo s s  cone b y  polar  orb i t  sa te l l i t es .  In Sect ion 7 we show that  the 

observed  > 40 keV e l ec t ron  pi tch angle prof i les  a r e  cons is ten t  with independ- 

ent e s t ima tes  of the l i fe t imes .  Although the p i tch  angle dis t r ibut ion outside 

the lo s s  cone is vir tual ly  independent of the magnitude of the diffusion coef -  

f ic ient ,  the distribution inside depends upon the  r a t i o  of the diffusion t i m e  

-4- 
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, t o  the t ime  of l o s s  t o  the atmosphere.  T h e r e f o r e ,  the m e a s u r e d  l o s s  cone 

prof i les  [ O'Br ien ,  

t ime .  

o r d e r  of magnitude l a r g e r  than that observed  n e a r  the E a r t h ,  i f  waves propa-  

gate  completely t rapped  on a tube of f o r c e  without attenuation. 

pi tch angle sca t te r ing  occur s  predominantly nea r  the equator ,  and much  of the 

wave ene rgy  s o  genera ted  m a y  be 10s t before  it r eaches  the ionosphere.  

Section 8,  we show that  t hese  theoret ical ly  der ived  wave intensi t ies  combined 

with the observed  rate of pa r t i c l e  energy  l o s s  f r o m  the magnetosphere  p e r m i t  

an  e s t i m a t e  of the growth r a t e  which is consis tent  with the known wave e scape  

ra te .  Thus the observed  pitch angle dis t r ibut ions,  l i f e t imes ,  t rapped  pa r t i c l e  

f luxes ,  and the infer red  wave intensity appear  to  be mutually consis tent .  

19641 e s t ima te  a diffusion coefficient and a pa r t i c l e  l i fe-  

these  l i fe t imes  is at l ea s t  an  The wave intensi ty  required to  produce 

I 

However ,  
I 
I 

In 

I 

I 

2. LINEAR PROPAGATION AND STABILITY OF THE WHISTLER 
AND ION CYCLOTRON MODES 

2. 1 Introduction 

g n  Section 3, we sha l l  show that  the nonlinear behavior  of weak t u r -  

bur lence  in the whis t le r  and ion cyclotron modes  involves the l i nea r  theory  

growth  r a t e .  In th i s  sect ion,  we review the l i nea r  theory .  Severa l  similar 

ana lyses  have been pe r fo rmed  [ Sagdeev and Shafranov, 1961, Stix, 1962, 

Chang, 19631.  

the phys ica l  p ic ture  of the instability. We sha l l  'indicate that  the whis t le r  

mode  is unstable when the electron pi tch angle dis t r ibut ion is suff ic ient ly  

an i so t rop ic ,  with m o r e  ene rgy  perpendicular  than pa ra l l e l  t o  the magnet ic  

f ie ld ,  and that  the ion cyclotron mode grows when t h e r e  is similar ion pitch 

angle  anisotropy.  In each  c a s e ,  the growth r a t e s  a r e  non-negligible only 

when an  appreciable  f rac t ion  of the pa r t i c l e  dis t r ibut ion is n e a r  cyclotron 

r e sonance .  

. 

It is repea ted  he re  pr incipal ly  to  def ine notation and review 

Since we a r e  in te res ted  in the high frequency p rope r t i e s  of a coll ision- 

f r e e  p l a sma ,  the Vlasov-Maxwell equations f o r  a p l a s m a  of ions and e lec t rons  

(denoted by ', - respec t ive ly)  must  be the s ta r t ing  point for  this analysis .  

-5- 



V .  E = 47re d3v( f t  - f - )  J h r h r  

V X B  x - 
N 'c, C 

V - B  = 0 
N N  

t - -  where  

e is the electronic  cha rge ,  M- i s  the mass of each  s p e c i e s .  Gauss ian  units 

a r e  used throughout. 

f -  ( x ,  v ,  t )  a r e  the one pa r t i c l e  dis t r ibut ion function of each  s p e c i e s ,  
t 

Since the wavelengths re levant  to  pitch angle sca t t e r ing  a r e  n e c e s s a r i l y  

much s h o r t e r  than typical macroscopic  s c a l e  lengths in the magnetosphere ,  

it is a good approximation to  t r e a t  waves propagat ing loca l ly  in an  infinite 

un i form p l a s m a  i m m e r s e d  in a s t rong  magnet ic  field pointing in,  s a y ,  the  

z direct ion.  

pitch angle sca t te r ing  propagate  pa ra l l e l  t o  the magnet ic  field.  

a l s o  the s imples t  c a s e  a lgebra ica l ly ,  we d i scuss  it f i r s t  and l a t e r  comment  

br ief ly  on the nonparallel  c a s e .  

As w i l l  be  indicated below, the  waves of p r i m a r y  i n t e r e s t  fo r  

Since th i s  is 

Assuming t h e r e  a r e  no e l ec t r i c  f ie ld ,  spa t i a l  g rad ien t s ,  t ime v a r i a -  

t ions,  and only a z-component of the magnet ic  f ie ld  in the equi l ibr ium,  the 

equi l ibr ium distribution function F- mus t  obey t 

t aF- Bo ( v , x ~ , )  . - = 0 a v  
'v 

- 
where  e Z  is a unit vec tor  in  the magnet ic  f ie ld  d i rec t ion .  T rans fo rming  t o  a 

cyl indrical  velocity space coordinate  s y s t e m  c e n t e r e d  about the e4ui l ibr ium 

-6-  
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magnet ic  f ie ld ,  v = v, cos4 , v = v, s i n 4 ,  v = v,, , ( vI is the component v 

perpendicular  t o  the magnet ic  field,  v,, the paral-21 component) (2 .  6 )  r e -  

duces s imply  to  a F/a 4 = 0.  The equi l ibr ium dis t r ibut ion function is t h e r e -  

f o r e  independent of the L a r m o r  phase angle.  If we now allow small p e r t u r b a -  

t ions of the f o r m :  

Y -  Z x -  

f 

i ( k z  - wt ) x ,  v, t )  = NF- t (v) t 6f-  t (VI e 
N ry f -  (- N 

E ( x , t )  = 0 t 6E e i (kz - w t  1 
r y h ,  - 

and 
subst i tute  t hese  into (2.  1) through ( 2 .  5) ,  dropping nonl inear  t e r m s  in the 

per turba t ion ,  (2.  1) through ( 2 .  5 )  can be reduced  to the following s ingle  m a t r i x  

equation f o r  the e l ec t r i c  field components ( in  index notation) 

where  n = cka/u , 
t e n s o r  

the index of r e f r ac t ion ,  and E (a, k )  is the d i e l ec t r i c  
a aP 

( 2 . 1 1 )  

-7  - 



t 2 
where  

f requency  of each spec ie s .  

F 

denotes a s u m  over  spec ie s ,  up- = ‘4xNe /M+ = the p l a s m a  
t ,  - 

Notice that  t he  equi l ibr ium velocity d is t r ibu t ion  

L - l  is the i n v e r s e  of the  l i nea r i zed  Vlasov ope ra to r  
f is normal ized  to one. 

t i ( k v , ,  - w ) $ ’  

t s1- 
J” d$‘ e 

- i (kv, ,  - w ) 4  
t 5 2 -  

e 1 
t 5 2 -  

L-1 - - - (2 .12 )  

t t  t where  a- = - e  B/M- c ,  the cyclotron frequency for  each  spec ie s .  

The dispers ion re la t ion  is s imply  Det (n  6 ) = 0. F o r  2 = n n ap a a - ‘ap 

components of the e l ec t r i c  f ie ld .  

pa ra l l e l  propagation, this  de te rminant  f ac to r s  into two p a r t s .  

longitudinal oscil lations involving only z 

This  leads  to  plasma osci l la t ions and the ion acous t ic  mode and is of no 

fu r the r  i n t e re s t  here .  

osc i l la t ions ,  involving Ex and E 

c i r cu la r ly  polarized about the magnet ic  field s o  that  E - i E a r e  convenient 

independent va r i ab le s ,  the d i spe r s ion  re la t ion  once again f ac to r s  into two 

One involves 

The o ther  p a r t  is for  t r a n s v e r s e  e lec t romagnet ic  

If we now a s s u m e  that  t hese  modes  a re  
Y’ t 

X Y 

modes ,  one f o r  each polar izat ion:  

n 2 = R , n  2 = L  

-8- 
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t Since the equi l ibr ium dis t r ibut ions F- a r e  independent of the L a r m o r  phase  
1 angle 4 ,  it was  convenient t o  eliminate the operat ion L- by pe r fo rming  

2 
the 4 integrat ion before  writ ing ( 2 .  13). At low f r equenc ie s ,  o/S2 t << 1, n = R 

is the magnetosonic mode;  when 52 << o<lQ2-l 

mode.  When o/Qt << 1, n = L is the anisotropic  Alfven wave;  when the 

wave frequency approaches  the ion gyro  frequency,  th i s  is cal led the ion cy- 

c lo t ron  wave. 

cyclotron mode. 

t , n2 = R is the whis t le r  
2 

We d i scuss  f i r s t  the whis t le r  mode and then by analogy the ion 

2 .  2 Whist ler  Mode 

When the p l a s m a  p r e s s u r e  is much s m a l l e r  than the magnet ic  p r e s s u r e ,  

a good approximation to  the r e a l  par t  of the index of r e f r ac t ion  a s s u m e s  the 

p l a s m a  t o  be cold. In o ther  words ,  we subst i tute  in (2.  1 3 )  

where  the cyl indrical  veloci ty  space normal iza t ion  r e q u i r e s  

( 2 .  14) 

( 2 .  15) 

After substi tution, the f i r s t  t e r m  in the numera to r  of (2 .  13) ,  involving 

The o ther  two v, 8 F+/a vL , 
t e r m s  vanish for  the ze ro - t empera tu re  c a s e .  Thus n = R reduces  t o  

can  be integrated by p a r t s  once to  give 
2 

- 1 / ~ .  

$ 2  ( w  - ) 2  
- = n  c k  2 = 1 - -  P - P ( w  ) 2 2  

( 2 .  16) 

t t  t !2-(=-eB/M-c). 

When the wave frequency is wel l  above the ion gyro  f requency ,  but below the 

e l e c t r o n  gy ro  f requency ,  s o  that  Q t  << 0 < 1 Q - l  , the ion chntribution 

The sign of the pa r t i c l e s  species  is incorpora ted  into 

-9 -  



to  ( 2 .  16) is a factor  m-/M' 

be neglected.  F u r t h e r m o r e ,  if the e lec t ron  p l a sma  f requency  is l a r g e ,  s o  

that l u i / Q -  I >> , 1  , the phase velocity i s  much s m a l l e r  than the velocity of 

l ight,  and n = R i s  approximately 

s m a l l e r  than the electron contribution and m a y  

2 

2 

( 2 .  17) 

S imi l a r ly ,  we can show that  the mode n2 = L is evanescent  above the ion 

gy ro  frequency.  

Neglecting all t h e r m a l  velocit ies has  led to  a s imple  express ion  f o r  

the r e a l  p a r t  of the index of re f rac t ion ,  which depends only upon the s t rength  

of the ex terna l  magnetic field and the total  par t ic le  density.  

growth o r  damping of t hese  waves is necessa r i ly  a finite veloci ty  d ispers ion  

e f fec t  s ince  it depends only upon those e l ec t rons  in cyclotron resonance .  

The cyclotron resonance phenomenon a r i s e s  f r o m  the resonant  denominators  

in ( 2 .  13),  l / (kv , ,  - u - Q - ) .  Where these  denominators  a r e  z e r o ,  the 

veloci ty  space  integration picks up an imaginary  p a r t .  

ance ,  the resonant  velocity V is defined by 

However ,  the 

t 

F o r  e lec t ron  gy ro reson-  

R 

(2 .  18) 

The velocity of these pa r t i c l e s  para l le l  t o  the ex te rna l  magnet ic  field Doppler 

shifts  the wave frequency to  the i r  gyro  frequency.  

fo re  have the i r  magnetic moment  efficiently a l t e r ed .  

helpful t o  rewr i te  (2 .  18) in t e r m s  of the ene rgy  a s soc ia t ed  with the pa ra l l e l  

motion of the resonant par t ic le .  

resonance  condition for  e l e c t r o n s ,  ( 2 .  18) ,  m a y  be wr i t t en  

T h e s e  e l ec t rons  m a y  t h e r e -  

F o r  s o m e  purposes  it i s  

Using the d i spe r s ion  re la t ion  ( 2 .  14),  the 

-10-  
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c 

2 E c  = B /8nN, 

f o r  cyclotron in te rac t ions .  

n e c e s s a r y  fo r  resonance  with the whist ler  mode i s  much  la rger  than the 

e l ec t ron  energy .  

ions,  the i r  contribution to  wave growth or  damping is neglected.  

the magnet ic  energy  p e r  pa r t i c l e  i s  a c h a r a c t e r i s t i c  ene rgy  

A s imi l a r  analysis  shows that  the ion energy  

Since t h e r e  will  ordinar i ly  be few such  highly energe t ic  

Depending upon the i r  phase with r e s p e c t  t o  the wave,  resonant  e l e c -  

t r o n s  will  s e e  a wave f o r c e  of one sign which e i the r  s ecu la r ly  a c c e l e r a t e s  

o r  dece le ra t e s  t hem.  

p r i a t e  veloci ty  grad ien ts  which de termine  whether  m o r e  gain those lo se  o r  

vice v e r s a .  W e  will  t r e a t  only those waves resonant  with e l ec t rons  on the 

high ene rgy  ta i l ,  where  the number of resonant  pa r t i c l e s ,  and t h e r e f o r e  the 

Net wave growth o r  damping thus depends upon appro-  

growth r a t e ,  is sma l l .  Then, by writing w = w R  t i y  , where  W R  and y 
a re  real, assuming that  y / ~  << 1, we m a y  e s t ima te  the s ingular  veloci ty  

in t eg ra l s  i n  ( 2 .  13) using the Dirac  relation: Lim - - - 1 R 

w -  Ifi-l 
k 

where  P denotes the  pr inc ipa l  

y 4 0 t  VI1 - 
+ i7r ( s i g n k )  S ( V l ,  - '- I f i - l ) ,  P 

'w - ifi - 1  k 
k Vtl - 

p a r t .  

w R  is again in the t empera tu re  co r rec t ion ,  assuming n >> 1, we find that  

given by (2.  17) and the growth r a t e  y is 

Equating r e a l  and imaginary p a r t s  of (2.  13),  dropping t e r m s  small 
2 

w h e r e  we have defined 

(2 .20)  

-11- 



and 

A-(V ) = R 

-1  where  a = t a n  (-V'/V,,) is the pitch angle.  Since a n  e lec t ron  m u s t  have a 

specif ic  paral le l  velocity to  be resonant  with a wave of f requency but m a y  

have any perpendicular  velocity,  the s tabi l i ty  c r i t e r ion  involves the p rope r t i e s  

of the distribution function integrated over  all perpendicular  veloci t ies .  

integrat ion path is sketched in F igu re  1. 

exci ted,  a la rge  region of velocity space  c a n  in te rac t  with waves.  

w , 

This  

When a wide band wave s p e c t r u m  is 

+1 -(VR) m a y  be roughly in te rpre ted  as the fract ion of the total  e l ec t ron  

dis t r ibut ion in a range  A v , ,  = ( I  52 - I -w)/k = I V R  I about cyclotron resonance .  

A-(VR) W e  have del iberately chosen  

a mixed notation in the definition of A-  to  emphas ize  that  anisotropy depends 

only upon the gradient of the distribution function with r e s p e c t  to  pitch angle 

a t  constant energy ,  Since VR < 0,  a F - / a a  > 0 ,  implies  that the 

distribution a t  constant energy  inc reases  towards  flat  p i tches .  

is  m o r e  perpendicular  than pa ra l l e l  energy.  

distribution which is a product  of Gauss ians  with different  t e m p e r a t u r e s  fo r  

perpendicular  and pa ra l l e l  veloci t ies ,  A is independent of V and r educes  to  

A- (T' 7 Til) = (T' - T l l ) / T I l .  

i s  a m e a s u r e  of pi tch angle anisotropy.  

a F/aa . 
That  i s ,  t h e r e  

F o r  the spec ia l  c a s e  of a veloci ty  

R 

Since 7 -  is always posi t ive,  waves a r e  n e c e s s a r i l y  unstable when 

(2 .21)  

A sufficient condition f o r  instabil i ty fo r  those  waves  resonant  with e l ec t rons  

whose E .. B /87rN is  s imply  that a F - / a a  be posi t ive eve rywhere .  T h e r e -  

fo re ,  any mechanism which f la t tens  the p i tch  angle  of e v e r y  pa r t i c l e ,  such  a s  

2 
R '  

-12 -  



. 
L 

l -  

\E=.5EC 

Fig .  1 Intersect ion of velocity space  su r faces  for  instabi l i ty  and 

The  stabil i ty of waves is de te rmined  by the 
pitch angle diffusion with the plane de te rmined  by the vL 
and v,, axes .  
p rope r t i e s  of dis t r ibut ion function (Eqs .  2. 20 and 2. 23) 
in tegra ted  over  all pa r t i c l e s  with a par t icu lar  pa ra l l e l  
velocity (Eqs .  2. 18 and 2. 24). The sol id  ve r t i ca l  l ine 
indicates  the sur face  i n  velocity space  of impor tance  for  
stabil i ty of a par t icu lar  wave. Waves of o ther  f requencies  
in t e rac t  with a para l le l  su r f ace  a t  another  velocity. The 
su r faces  along which e lec t rons  diffuse due to  in te rac t ion  
with the whis t le r  mode a r e  a l s o  shown. Note tha t  the 
par t ic le  energy on a diffusion su r face  always d e c r e a s e s  
towards the v , ,  axis ;  however,  a s  t h e  energy becomes 
l a r g e  compared to E = B2/8nN the diffusion sur faces  
approach constant energy o r  1 v 1 C su r f aces .  

- 1 3 -  
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magnet ic  field compress ion ,  makes  the tail of the e lec t ron  dis t r ibut ion (where 

E > B /87rN) unstable to  noise  emis s ion  in the whis t le r  mode.  S imi la r ly ,  

decompress ion  must  r e su l t  in absorpt ion.  F o r  this  ta i l ,  the isotropic  s ta te  

with 8 F-/8 a > O  is  margina l ly  s table .  

2 
R 

In conclusion, whether o r  not a whis t le r  mode emiss ion  is unstable 

depends only upon the e lec t ron  pitch angle anisotropy,  

growth o r  damping, however ,  depends upon both the an iso t ropy  A- 

f ract ion of e lec t rons  which a r e  resonant ,  q . 

A - .  Its r a t e  of 

and the 
- 

2. 3 The Ion Cyclotron Wave 

T h e r e  is  a n  en t i re ly  analogous instabi l i ty  for  the ion cyclotron wave 

for  the c a s e  of waves propagating pa ra l l e l  t o  the magnet ic  field.  

Jacobs  and Watanabe, 1964, Obayashi,  1965, Cornwall ,  19651. The  ion 

cyclotron wave is the anisotropic  Alfven mode  with left  hand c i r c u l a r  po la r i za -  

tion and frequencies  n e a r  the ion gy ro  frequency.  

cyclotron interact ions with resonant  ions become important .  

propagation case ,  the co ld-p lasma d i spe r s ion  re la t ion  is 

[ B r i c e ,  1965, 

t In the frequency range ,  0" fi , 
F o r  the pa ra l l e l  

(2 .22)  

Ions in cyclotron r e sonance ,  with k V R  = w - fi ', de te rmine  s tabi l i ty .  

The growth r a t e  is  found by an analysis  similar t o  that  for  e l ec t rons .  

-14- 



I 

t A and q t  a r e  defined as in the electron case .  Once again,  a sufficiently 

flat pi tch angle dis t r ibut ion is unstable. 

F r o m  ( 2 . 9 )  and the resonance condition, we can e x p r e s s  the pa ra l l e l  

ion ene rgy  n e c e s s a r y  f o r  resonance  in t e r m s  of the wave frequency.  

(2.  24)  

+ 2  Because of the factor  (Q / w )  a p p e a r s ,  the f requency range  about the 

cyclotron frequency fo r  which resonant  protons a r e  sufficiently numerous  

(i. e . ,  have low enough ene rg ie s )  to make significant growth r a t e s  wil l  be s o m e -  

what n a r r o w e r  than the corresponding e l ec t ron  case .  

have much  higher  ene rg ie s  and m a y  ord inar i ly  be neglected.  

2 . 4  Magnetosonic Mode n e a r  Ion Gyroresonance 

Resonant e l ec t rons  

Near  the ion gy ro  frequency, the real p a r t  of the d i spe r s ion  relat ion 
2 

n = R reduces  to  

2 2 2  t 
c k  (ap ) 

0 2 at ( n t t O )  

- - -  

The condition for  Doppler shifted ion gy ro  resonance  is 

S O  tha t  the expres s ion  fo r  the resonant ion energy  is 

The growth r a t e  is found by the methods outlined above 

( 2 . 2 5 )  

(2.  26) 

( 2 . 2 7 )  
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where  At is defined a s  before  and 5' i s  

..- 
( 2 . 2 8 )  

JO 

In cont ras t  with the ion cyclotron wave,  the magnetosonic  mode is un- 

s tab le  when the pi tch angle anisotropy is negative 

f 1 
A < -  

- !2+ t 1 
W 

( 2 . 2 9 )  

F o r  the high energy tail of the proton dis t r ibut ion,  t h e r e  is only a small range  

of an iso t ropies  of o r d e r  u/Rt  
cyclotron and magnetosonic waves.  The t rapped  proton dis t r ibut ion in the 

magnetosphere  is m o r e  l ikely however,  to  be unstable t o  the ion cyclotron 

wave s ince diffusion into the lo s s  cones tends to maintain a posit ive anisotropy.  

for which protons a r e  s tab le  to  both the ion 

2.  5 Discussion 

For the, above g y r o  resonance  in te rac t ions ,  the ra t io  of the pa ra l l e l  

'energy to  the magnetic energy  p e r  par t ic le  de t e rmines  the r e sonan t  f requency.  

The veloci t ies  corresponding to the c r i t i ca l  ene rgy  a r e  the e l ec t ron  Alfven 

velocity V i =  B / C  and the Alfven veloci ty  

the whis t le r  and ion cyclotron modes  respec t ive ly .  

f requency to  the appropr ia te  gyro- f requencies ,  veloci t ies  t o  the appropr ia te  

Alfven veloci ty  and energ ies  to  the c r i t i ca l  ene rgy ,  the expres s ions  fo r  

phase velocity,  group veloci ty  and resonant  ene rg ie s  take the  s imple  f o r m  

outlined in Table 1. 

+ - B/-, for  vA - 
If we no rma l i ze  the wave 

-16- 
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F o r  t h e  tens of kilovolt par t ic le  ene rg ie s  observed  in the magnetosphere ,  

cyclotron resonance interact ions will  be m o s t  important  n e a r  the equator  on a 

given l ine of force.  

an iso t ropies  a r e  needed f o r  local  instabil i ty of these  pa r t i c l e s .  

wave of a given frequency r ece ives  its g r e a t e s t  amplitude increment  as it 

c r o s s e s  the equator on a given line of force .  The energy  of pa r t i c l e s  resonant  

with the wave a t  each point i nc rease  rapidly away f r o m  the equator .  Since the 

observed  f luxes  of energe t ic  pa r t i c l e s  d e c r e a s e  monotonically with energy  and 

s ince  the to ta l  number densi ty  inc reases  away f r o m  the equator ,  the f rac t ion  

r) 

F o r  in s t ance ,  even though the c r i t i c a l  energy  at the feet  of the l ines  of fo rce  

in the ionosphere is again tens  of kilovolts and the anisotropy t h e r e  is l a r g e ,  

the total  dens i ty  h a s  i nc reased  by perhaps  a fac tor  of 10 , the f rac t ion  71 has  

been d e c r e a s e d ,  and the contribution to  the growth will  be roughly a thousandth 

a s  at the  equator .  

equa tor ia l  cyclotron r e  s onanc e int e r a c  tions . 

Ec i n c r e a s e s  rapidly away f r o m  the equator  and l a r g e r  

Moreove r ,  a 

will  d e c r e a s e  and the cor responding  loca l  growth r a t e s  will  be s m a l l e r .  

3 

Henceforth,  our  d i scuss ion  sha l l  be l imi ted  to  

In F igu re  2 ,  we plot the magnet ic  energy  p e r  pa r t i c l e  a t  the equator  as 

a function of the equator ia l  dis tance L for  t h r e e  local  t i m e s ;  midnight,  dawn 

o r  evening, and noon. 

s u m m a r i z e d  by Carpen te r  and Smith [ 19641 which a r e  a c c u r a t e  to  L = 5; 

the densi ty  has  been extrapolated beyond L = 5 using the relat ion N/B = 

constant .  

the dipole by the fo rmula  

We have used total  number  dens i ty  m e a s u r e m e n t s  

F o r  the noon magnet ic  f ie ld ,  we have e s t ima ted  the d is tor t ion  of 

t 5 . 1 0 - ~  ( L / I O )  
1 

3 L  
B(noon) z 7 

The dawn ( o r  dusk) field has  been a s sumed  undis tor ted  

1 
B (dawn)%- 

3 L 3  

( 2 .  30)  

( 2 .  31) 

while at  midnight, the field s t r eng th  is diminshed because  of dis tor t ion.  

is a l s o  a s m a l l  component due to  the field of t he  ta i l .  

T h e r e  

[Axford ,  e t  a l ,  19651. 
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Fig .  2 Magnetic energy per pa r t i c l e  at the geomagnetic equator.  
This  plot is based  on the ideal ized magnet ic  field var ia t ion  
of Eqs. (2. 25), (2.26), (2. 27) and dens i t ies  given by 
Carpen te r  and Smith (1964). 
i n t e r e s t  have a n  energy by and l a r g e  well  above B2/87rN. 

P a r t i c l e s  of geophysical 
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( 2 .  3 2 )  
1 -4 L -4 B (midnight) M - - 2. 5 10 (-) + 10 

3 L 3  10 

Knowing the c r i t i ca l  e n e r g y  and the pa ra l l e l  energy  of a given pa r t i c l e ,  we 

can calculate  the phase ,  g roup  and resonant  veloci t ies  of the wave resonant  

with it using Table 1. 

These  curves  a r e  undoubtedly a cons iderable  idealization. Information 

about the total  density beyond L = 5 is s p a r s e ,  and the assumpt ion  that  N/B 

is constant is a r b i t r a r y .  We have not included the s h a r p  l ' ledge ' '  o r  d e c r e a s e  

in densi ty  - which is often observed  n e a r  L z 3 .  5. B /87rN would have a 

local  max imum n e a r  th is  ledge. 

these  values  of B /8xN m a y  be in e r r o r ,  but we hope that  p rope r  quali tative 

behavior is contained in this  descr ipt ion.  In any c a s e ,  the sensi t ivi ty  of our  
2 r e su l t s  to  the value of B /87rN d e c r e a s e s  when the pa r t i c l e  ene rgy  is wel l  

above Ec. 

2 

Specific numer i ca l  e s t i m a t e s  based  upon 
2 

2. 6 Propagat ion at an  Angle to  the F ie ld  

F o r  waves propagating at  an  angle to  the magnet ic  f ie ld ,  s tabi l i ty  is 

de te rmined  by the s u m  of the contributions f r o m  resonances  cor responding  

to pa ra l l e l  velocit ies defined by ( s e e  Stix, [ 19621). 

+ 
k , ,  VR (m) = W - m 52- ; m = - 03.. . -1 ,  0, +1, + 2 , + 3 , .  . . (2 .33)  

k,, = para l l e l  wave number  

Since the wave polar izat ion is e l l ipt ical  fo r  propagat ion a t  an  angle 

to  thef ie ld ,  par t ic les  can  r e t u r n  in phase with the wave a f t e r  any in tegra l  

number of Larmor pe r iods ,  and s o  the higher  cyc lo t ron  ha rmon ics  produce  

resonances .  In addition, for  off angle propagat ion,  t h e r e  is a component of 

wave e l ec t r i c  field pa ra l l e l  t o  the ex terna l  magnet ic  f ie ld  which leads  t o  

ord inary  Landau damping a t  the so-ca l led  Cerenkov r e sonance  (m = 0) .  

For the cyclotron ha rmon ics  (m f 0 )  , the s ign  of the  contribution of each  

- 2 0  - 



resonance  t o  the growth r a t e  i s  again given by the anisotropy.  

s ions will  again lead to  unstable contributions f r o m  these  r e sonances .  At the 

Cerenkov r e sonance ,  m = 0,  k , , v l ,  = w ,  the  energy  exchange between p a r t i -  

c les  and waves i s  analogous t o  Landau damping; f o r  a dis t r ibut ion which 

d e c r e a s e s  monotonically with energy,  th i s  t e r m  will  give a damping contribution. 

Thus c o m p r e s -  

The magnitude, and thus ,  the r e l a t ive  impor tance  of e a c h  resonance  

is given by a coefficient which now depends upon the angle between the wave 

vec to r  and the field as wel l  as the anisotropy and number  of resonant  pa r t i c l e s  

a t  e a c h  resonance .  F o r  an e lec t ron  dis t r ibut ion function which d e c r e a s e s  

monotonically with increas ing  energy,  the l a r g e s t  number  of resonant  pa r t i c l e s  

wil l  be  found at the Cerenkov resonance,  s ince it co r re sponds  t o  the lowest  

energy .  On the other  hand, for  sma l l  angles  to  the field,  the angular  depend- 

ence f avor s  the cyc lo t ron  m = - 1  

F o r  s t r i c t l y  pa ra l l e l  propagat ion,  we r e c a l l  that  t h e r e  is only the m = - 1  

cyclo t ron  resonance  and no Cerenkov contribution. 

the f ie ld  i n c r e a s e s ,  the re la t ive  importance of the usual ly  damping Cerenkov 

r e sonance  i n c r e a s e s .  The re fo re ,  pa ra l l e l  propagating waves are  the m o s t  

unstable;  the growth r a t e s  diminish with increas ing  angle to  the field until a t  

s o m e  c r i t i c a l  angle 8 cyclotron growth and Cerenkov damping ju s t  balance;  

beyond ec , Cerenkov damping predominates .  The  h a r d e r  the ene rgy  spec -  

t r u m  (i. e . ,  the  m o r e  pa r t i c l e s  a t  the m o r e  energe t ic  cyclotron r e sonance ) ,  

the l a r g e r  

become.  F o r  the 

s p h e r e  

c o r r e s p o n d  to  smaller oc.  Thus if  the  par t ic le  s p e c t r u m  is hard  enough, 

cyc lo t ron  interact ions will  be important  ove r  a significant cone of angles .  

resonance  contribution to  the growth r a t e .  

As the  angle of t h e  wave t o  

C 

and hence the more  impor tan t  cyclotron resonance  interact ions 

l/E2-’ electron s p e c t r u m  typically found in the  magneto-  
8c ’ 

[ McDiarmid,  e t  al,  19631, O C  = 1 radian f o r  A = 1 .  Sof te r  s p e c t r a  

Since the pa ra l l e l  waves become unstable m o s t  ea s i ly ,  they  will  be 

of m o s t  i n t e re s t  f o r  pi tch angle diffusion. F o r  the r ema inde r  of this  pape r ,  

we wi l l  a rgue  in t e r m s  of pa ra l l e l  propagating waves ,  r e m e m b e r i n g  that  the 

ac tua l  wave s p e c t r u m  includes a cone of propagation d i rec t ions  around the 

p a r a l l e l  whose physical  instabil i ty mechanism is the s a m e ,  

is s m a l l e r .  

but whose intensity 
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3. WHISTLER AND ION CYCLOTRON TURBULENCE 

3 .  1 Introduction 

The possibil i ty that  microscopic  turbulence m a y  dominate  diffusion 

and diss ipat ion in p l a s m a s  has  rece ived  cons iderable  attention recent ly .  

this  sect ion,  we d i scuss  and review the r e s u l t s  of a second o r d e r  turbulence 

theory ,  where  only effects the o r d e r  of the s q u a r e  of the wave ampli tude a r e  

included. 

th i s  approach  to  turbulence,  we i l lus t ra te  in 3 .  2 that  second o r d e r  non-l inear  

wave pa r t i c l e  interact ions fo rce  the pa r t i c l e  dis t r ibut ion towards  a l i nea r  

theory  marg ina l  s tabi l i ty  s ta te .  

ginal s tabi l i ty  is  desc r ibed  by diffusion in veloci ty  space  at a r a t e  proport ional  

to  the  s q u a r e  of the wave amplitude.  

this  amounts t o  pu re  p i tch  angle diffusion. 

po r t  is d iscussed  in 3. 5. 

formal ly  der ived by Chang and  P e a r l s t e i n  [ 19641 and Andronov and  

Trakhtenger t s  [ 19641. 

In 

After  an  introductory d iscuss ion  in 3 .  1 of the motivation behind 

In 3 .  3 we show that the ad jus tment  t o  mar- 

F o r  the whis t le r  and ion cyclotron modes ,  

An equation of wave ene rgy  t r a n s -  

Many of these  specif ic  formulae  have been m o r e  

F i shman ,  e t  a l ,  [ 19601 observed  in connection with the theo ry  of 

col l is ion-free shock waves that p l a s m a  turbulence  could be  m o r e  t r a c t a b l e  

theoret ical ly  than aerodynamic  turbulence.  

turbulence,  which cons i s t s  of eddies  s ta t ionary  with r e s p e c t  t o  the fluid,  the 

waves compris ing plasma turbulence do propagate  and,  as a r e s u l t ,  high- 

o r d e r  cor re la t ions  do not have t ime t o  f o r m .  

random phases .  

only f r o m  a limited r e s e r v o i r  and cannot grow to  l a r g e  ampli tudes.  F o r  both 

these  r e a s o n s ,  it is fruitful  t o  view a weakly turbulen t  p l a s m a  as a n  ensemble  

of pa r t i c l e s  and small ampli tude collective modes  (waves)  whose p r o p e r t i e s  

a r e  de te rmined  in l inear  theory.  

t ions of interact ions between pa r t i c l e s  and waves .  

t ions o r  ord inary  Coulomb col l is ions are usua l ly  negligible.  

diss ipat ion is c rea ted  by two dis t inct  non- l inear  in te rac t ions :  wave-wave 

sca t te r ing  [ Stur rock ,  1957, F i shman ,  e t  a l ,  1960, C a m a c ,  et  al, 1962, 

Kadomtsev and Petviashvi l i ,  19631 and wave-pa r t i c l e  in te rac t ions  [ Drummond 

and P i n e s ,  1962, Vedenov, Velikhov and Sagdeev,  19621. Wave-wave 

In con t r a s t  with aerodynamic  

T h e r e f o r e ,  the waves have 

In addition, p l a s m a  waves in many  c a s e s  can  de r ive  e n e r g y  

Dissipation m u s t  then a r i s e  f r o m  combina-  

P a r t i c l e - p a r t i c l e  i n t e rac -  

Turbulent  
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sca t te r ing  is the l o s s  of coherence  of a wave propagating in a medium made  

nonuniform by other  waves.  Where the waves a r e  a lmos t  l i n e a r ,  th i s  amounts  

to  c rea t ing  s u m  and difference modes in a b inary  wave coll ision. F o r  the 

p re sen t  p rob lem,  wave-wave sca t te r ing  is unimportant  and we sha l l  not d i scuss  

it fu r the r  except  for  a n  a pos t e r io r i  just i f icat ion of i ts  neglect (Section 8).  

The wave -par t ic le  interaction a p p e a r s  even in l i nea r  theory ,  s ince  

wave growth o r  damping depends upon gradien ts  in the veloci ty  dis t r ibut ion at 

resonance .  

pa r t i c l e  dis t r ibut ion at a r a t e  dependent upon wave energy .  

The non-l inear  effect  is that  the wave in t u r n  changes the resonant  

3 .  2 The Approach t o  Marginal  Stability 

T o  show that  non-linear wave-part ic le  in te rac t ions  modify wave growth 

to reduce  the instabil i ty and t o  force  the velocity dis t r ibut ion towards a mar-  

ginal l i nea r  s tabi l i ty  state, we  will  first d i scuss  the change in kinetic energy  

of a s ingle  e l ec t ron  interact ing with a wh i s t l e r .  

emi t ted  o r  absorbed  the change in  w a v e  ene rgy  is Aw. 

in momentum is h k .  The change in pa ra l l e l  ene rgy ,  dE, ,  of the interact ing 

pa r t i c l e  is then 

dE  = -3w , t o  the change in para l le l  e n e r g y  is then 

F o r  each  wave quantum 

Simi la r ly  the change 

-AkVR and the ratio of the total  change in par t ic le  energy ,  

Using (2 .  18) th i s  m a y  be rewr i t ten  as 

(3 .1 )  
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In a g r e e m e n t  with the cor respondence  pr inc ip le ,  P lanck ' s  constant  does  not 

appear  in the  final resu l t .  

f o r  example in B r i c e  [ 19641. 
A m o r e  c l a s s i ca l  der ivat ion of ( 3 .  2 )  can  be found, 

If the par t ic le  dis t r ibut ion is unstable ,  s o  that  wave ene rgy  i n c r e a s e s  

with t i m e ,  a major i ty  of resonant  pa r t i c l e s  m u s t  l o se  ene rgy ,  d E  < 0. Th i s ,  

however ,  necessa r i ly  implies  that  d E , ,  > 0 f o r  this  major i ty .  The an iso t ropy  

causing the wave growth is the re fo re  diminished and subsequent wave growth  

slowed. This  must  lead to  a final s ta te  where  unstable an iso t ropies  a r e  

reduced ,  l i nea r  growth r a t e s  a r e  z e r o ,  and t h e r e  is the re fo re  a constant  f ini te  

wave intensity.  

init ially anisotropic dis t r ibut ion is de te rmined  essent ia l ly  by the ini t ia l  g rowth  

r a t e .  Since the wave energy  at f i r s t  grows exponentially with t i m e ,  it wil l  

be sufficiently intense to  reduce the anisotropy a f t e r  a few e-folding t i m e s  

cor responding  to the init ial  growth rate. 

The t ime to r e a c h  the  marg ina l  s tabi l i ty  condition f r o m  a n  

Conversely,  i f  the pa r t i c l e  dis t r ibut ion co r re sponds  to  a negative 

growth r a t e ,  the waves which d r ive  the dis t r ibut ion back t o  marg ina l  s tab i l i ty  

cannot be generated internal ly  by pa r t i c l e s .  

ex te rna l  sou rce  of waves,  the pa r t i c l e s  will  a b s o r b  wave e n e r g y  f r o m  it  and 

the i r  distribution will  approach  marg ina l  s tabi l i ty .  Thus ,  non-l inear  e f f ec t s  

i nc rease  the t ransparency  of the p l a sma .  

However ,  should t h e r e  be a n  

Since both init ially unstable d is t r ibu t ions ,  which produce the i r  own 

wave energy ,  and init ially s table  dis t r ibut ions in the p r e s e n c e  of ex terna l ly  

maintained waves approach  marg ina l  s tabi l i ty ,  it is tempting t o  sugges t  tha t  

weakly turbulent p l a smas  will always be n e a r  marg ina l  s tabi l i ty .  If d i s t u r -  

bances which dis tor t  the veloci ty  dis t r ibut ion a c t  slowly compared  with the  

readjus tment  back to  marg ina l  s tabi l i ty ,  then the dis t r ibut ion never  g r e a t l y  

depa r t s  f r o m  margina l  s tabi l i ty .  In complicated physical  ob jec ts ,  such  as 

the magnetosphere ,  one cannot s t r i c t ly  gua ran tee  that  the growth r a t e  f o r  e v e r y  

wave will d e c r e a s e  monotonically and smoothly.  However ,  it s e e m s  c l e a r  

that  l a rge  growth r a t e s  cannot be long to le ra ted .  

-24-  



3. 3 Weakly Turbulent  P i t ch  Angle Diffusion 

The approach to  marg ina l  stabil i ty and wave-growth se l f - l imi ta t ion  

is p rope r ly  descr ibed  by diffusion of pa r t i c l e s  in velocity space  a t  a r a t e  

propor t iona l  t o  the wave energy .  A given pa r t i c l e  may  e i the r  gain o r  l o se  

ene rgy  to  a pa r t i cu la r  wave depending upon i t s  init ial  phase  re la t ive  to  the 

wave. Thus waves take pa r t i c l e s  init ially a t  the s a m e  velocity and s p r e a d  

them over  a region in veloci ty  space ;  in o ther  words ,  diffuse them.  

pi tch angle dis t r ibut ion is unstable ,  diffusion c r e a t e s  a flux f r o m  l a r g e  to  

small pi tch angles ,  which d e c r e a s e s  the net  pa r t i c l e  ene rgy ,  i n c r e a s e s  the 

wave energy ,  and r educes  the anisotropy. Diffusion and wave growth s tops  

when isotropy is attained. 

When the 

The r a t io  of the change in para l le l  and perpendicular  ene rgy  fo r  a 

pa r t i c l e  interact ing with a wave of a given frequency was given in ( 3 .  2 ) .  

r a t i o  defines the d i rec t ion  i n  phase space  along which p a r t i c l e s  wil l  diffuse.  

Making use  of the re la t ion ,  (2 .  1 9 ) ,  between wave frequency and pa ra l l e l  ene rgy  

of the  resonant  e l ec t rons ,  ( 3 . 2 )  may be in tegra ted  t o  give the s u r f a c e s  along 

which e l ec t rons  diffuse. 

w h e r e  the  pa ra l l e l  ene rgy  is l e s s  than the c r i t i ca l  energy ,  t hese  diffusion 

s u r f a c e s  c lose ly  approximate  c i r c l e s ,  o r  pu re  pitch angle diffusion. 

explainable  in t e r m s  of (2 .  19) and ( 3 .  2) .  

and d E  M W /  1 5 2 - 1  dE, , .  In this  range, the pitch angle is a l t e r e d  without a 

s ignif icant  change in energy .  Here  the wave magnet ic  fo rces  dominate the 

wave e l ec t r i c  f o r c e s .  At the opposite e x t r e m e ,  when E << Ec and 

W /  1 5 2 - 1  M 1 , 
e n e r g y  is g r e a t e r  than the pi tch angle change. 

e n e r g y  diffusion r eg ime  does not become important  until E /E M 1. Hence-  

fo r th ,  we sha l l  cons ider  turbulent  diffusion only on s u r f a c e s  of constant energy ,  

cor responding  to  the approximation u/I52-I << 1 .  

This  

These  su r faces  axe a l s o  shown in F igu re  1 .  Except  

This  is 

When E >> Ec , w /  152-1 << 1 R 

R 
e l e c t r i c  f o r c e s  dominate ,  and the re la t ive  change in pa r t i c l e  

F igu re  1 indicates  that  the 

R c  

Now we demons t r a t e  in semi - r igo rous  fashion that  resonant  interact ions 

with randomly phased whis t le r  mode weak turbulence a r e  desc r ibed  by a pi tch 

angle  diffusion equation of the s tandard  f o r m .  

is a s tochas t ic  p r o c e s s  in which par t ic les  in resonance  s c a t t e r  f r o m  a random 

background of wave f luctuat ions.  

The wave-par t ic le  in te rac t ion  

If the m e a n  velocity change in a given 
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encounter  is smal l ,  the  dis t r ibut ion function obeys a Fokker -P lanck  equation 

[ Chandrasekhar ,  

s ince  we know that t o  lowest o r d e r  in . / 1 ~ - 1  o r  Ec/ER , t h e r e  is only a 

change in pi tch angle ( A a )  , and no change in speed  (Av) o r  L a r m o r  

phase  (A$) .  

19601 which we wr i t e  immedia te  in sphe r i ca l  coord ina tes ,  

I F- t s i n a  a /aa  ( D F - )  
< A a >  a / a a  1-  s i n  a - 1 aF- - - - -  

a t  s i n  a At 

( 3 .  3 )  

Angular bracke ts  denote an ave rage  over  the  fluctuation s p e c t r u m ;  A t  is 

the m e a n  t i m e  s t ep  p e r  wave coll ision. 

The f i r s t  t e r m ,  the so-ca l led  dynamic fr ic t ion,  a p p e a r s  t o  dominate 

in the sma l lnes s  p a r a m e t e r  Aa. However ,  t o  lowest  o r d e r  in Aa ,  th i s  

t e r m  is z e r o  because it is equally probable  that  e l ec t rons  d e c r e a s e  as inc rease  

the i r  pi tch angles ,  s ince they a r e  randomly d is t r ibu ted  in phase with r e s p e c t  

t o  the waves .  However,  when B ' (a )  and At a r e  functions of a ,  e l ec t rons  

sca t t e red  in one direct ion exper ience  a subsequent ly  g r e a t e r  r andom f o r c e  

than those  sca t t e red  in the o ther ,  and this  amounts  t o  non-ze ro  dynamic 

fr ic t ion in next o r d e r .  

H e r e  we have used the definit ion of D given i n  (3. 3). Combining the two 

t e r m s  which a r e  second o r d e r  in ( A a )  , the  s tochas t ic  ( 3 .  3) r educes  t o  a 

diffusion equation 

a F- ( D  s i n a  - ) 1 a a F- - - - - -  
a t  s i n a  a a  a a  ( 3 . 5 )  
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We note in pass ing  f o r  the idealized c a s e  of a n  infinite p l a s m a  with 

no l o s s  of pa r t i c l e s  o r  wave energy  

to  r e a c h  a s teady  s ta te  with z e r o  flux. 

s ta t ionary  solut ions.  The f i rs t ,  when D = 0 ,  is the t r i v i a l  c a s e  co r re spond-  

ing t o  no wave ene rgy  p resen t  t o  dr ive pi tch angle diffusion. 

hand, when t h e r e  is wave ene rgy  so  that  D f 0 ,  a F/a a = 0 is t ime s ta t ion-  

a r y ,  r e g a r d l e s s  of any dependence of D upon a. P i t c h  angle i so t ropy  is 

ju s t  the marg ina l  s tab i l i ty  s ta te  cor respond to  the 

The f o r m  of (3 .5)  t he re fo re  demonst ra tes  that  when D f 0 the pi tch angle 

dis t r ibut ion m u s t  evolve i r r eve r s ib ly  towards a final s t a t e  of marg ina l  s t ab i -  

l i ty  t o  all waves.  Since the growth r a t e  is then z e r o ,  the wave dis t r ibut ion is 

a l s o  s ta t ionary .  

tha t  one would expect  diffusion eventually 

( 3 .  5) has  only two z e r o  flux, t ime 

On the o ther  

" / l s 2 - ( < <  1 approximation.  

3. 4 P i t c h  Angle Diffusion Coefficient as a Function of Wave Energy  

Since the ampli tude of waves resonant  with pa r t i c l e s  of different  velo-  

c i t i e s  pa ra l l e l  to  the magnet ic  field m a y  d i f fe r ,  the  sca t te r ing  r a t e ,  and 

the re fo re  the diffusion coefficient is in  gene ra l  pi tch angle dependent. 

e s t i m a t e  the change in pi tch angle for  a given resonant  velocity due to  in t e r -  

act ions with waves in a na r row wave-number band of width Ak about 

resonance .  The  relat ionship t a n a  = -vI/vl1 implies  that  A a  w - A v , , / V 1 .  Avl l  

is given by the ne t  acce lera t ion  due to  those waves n e a r  resonance  multiplied 

by the time a typical  pa r t i c l e  remains  in resonance .  

We 

- 

I 

At B Av, I evI B 
h a  M - -  N N - - = 1 Q - l  At 

m c  VI - 

so  that 

( 3 . 6 )  

(3 .  '7) 
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where  B is the ambient  magnet ic  field s t rength ,  and B' , the  wave ampl i -  

tude n e a r  resonance.  

The change with t ime  of the re la t ive  phase of pa r t i c l e  and wave, 4 ,  
is given by 

( 3 . 8 )  

A t  is roughly the time a par t ic le  at dis tance Ak/2 out of resonance  changes 

its phase by one rad ian ,  o r  f r o m  (3 .8 )  A t  M 2/Akv ,, . 
V I ,  = V c o s a ,  D becomes  

Thus wri t ing 

( 3 . 9 )  

In the limit of sma l l  Ak, (B')YAk is j u s t  the  ene rgy  p e r  unit wave number  at 
2 resonance  , B k .  

mode spec t rum,  

Since I 52-1  /v is a typical  wave number  fo r  the whis t le r  

(3 .10 )  

2 ::: 
When the wave spec t rum is reasonably  smooth,  

of the total  wide band wave intensi ty  in the whis t le r  mode.  

1/ I cos  a I 
para l l e l  velocit ies on a given velocity she l l  c r o s s  para l le l -a l igned  inhomo- 

genei t ies  m o r e  rapidly than those  with mos t ly  perpendicular  velocity.  

t h e r e  is an  equal intensity of waves propagat ing p a r a l l e l  and an t i -pa ra l l e l  t o  

the ex terna l  magnetic field,  the diffusion r a t e  in the h e m i s p h e r e s  

0 5 a I 7r/2 and 7r/2 5 a 5 7~ will be the s a m e .  

Bk k is a good e s t i m a t e  

The fac tor  

has  been explicit ly re ta ined to  i l l u s t r a t e  tha t  pa r t i c l e s  with l a r g e  

P rov ided  

Ent i re ly  similar a rgumen t s  lead  to  a diffusion equation of the s a m e  

f o r m  f o r  ions.  Here  the diffusion coeff ic ient  D is roughly Q k"'(B /B) , 2 t *'- 
k 

-28 -  



2 
where  Bkk“’ is the ene rgy  densi ty  in ion cyc lo t ron  waves.  

range of f requencies  in ion cyclotron resonance  with pa r t i c l e s  i s  na r row,  

the assumpt ion  ~/ !2+  .<< 1 corresponding t o  pu re  pitch angle diffusion is 

m o r e  re s t r i c t  ive . 

Because the 

3 .5  Wave Dvnamics 

S o  far,  t h e r e  has  been n o  attempt to  account f o r  the wave energy  which 

is c rea t ed  and absorbed  in cyclotron in te rac t ions  and which de te rmines  the 

r a t e  of pitch angle diffusion. Wave energy  densi ty  can  change by  growth o r  

damping in resonant  in te rac t ions ,  and by spa t ia l  t r a n s p o r t  a t  the group veloci ty .  

The fac t  that  waves can  propagate  out of finite s y s t e m s  can  be of c r i t i c a l  im- 

por tance .  

fo r  wave ene rgy  t r a n s p o r t ,  noting that resonant  interact ions are adequately 

desc r ibed  by the l i nea r  growth ra te  y 

We make a closed s e t  of equations by wri t ing the appropr ia te  equation 

k ’  

+ vG 

‘VG(k) is the group velocity and y is the growth r a t e  appropr ia te  k 
N 

t o  a mode with wave number  k computed at any instant .  

3 . 6  Summary  

(3 .11)  

Second o r d e r  non-l inear  wave -pa r t i c l e  interact ions tend on the ave rage  

to  reduce  the absolute  magnitude of the l i nea r  growth r a t e s  computed f r o m  the 

ve loc i ty  dis t r ibut ion.  Since gradients  in veloci ty  space  de te rmine  the growth 

r a t e ,  the reduct ion i n  growth r a t e  is a velocity space  diffusion p r o c e s s  whose 

r a t e  is fixed by the wave energy .  

cyc lo t ron  mode radiat ion dr ive  diffusion pu re ly  in pitch angle.  

t ends  to  fo rce  the pa r t i c l e  dis t r ibut ion toward  marg ina l  s tabi l i ty .  

To a good approximation,  whis t le r  and ion 

The diffusion 
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4. STEADY STATE DIFFUSION INTO A LOSS CONE: "DRIZZLE" 

4. 1 Introduction 
~ ~~ 

Weak whist ler  and ion cyclotron turbulence c l e a r l y  a r e  promis ing  

candidates for  the explanation of the observed  pa r t i c l e  precipi ta t ion.  

Section 2 and 3 we developed the conceptual f r amework  and mathemat ica l  

appara tus  necessa ry  t o  understand pitch angle sca t te r ing .  

standing to  the r e a l  physical  p roblem,  we develop in this  sect ion special ized 

solutions of the diffusion equation relevant  t o  the magnetospher ic  p l a sma .  

Sections 5, 6,  7 and 8 we shal l  f inally t e s t  these  ideas  by compar i son  with 

observa t ions ,  

In 

T o  apply this  under -  

In 

When the p l a s m a  is f ini te ,  s o  that both waves and pa r t i c l e s  can e scape  

f r o m  t h e  sys t em,  the concept of the approach  to  marg ina l  s tabi l i ty  m u s t  be 

rep laced  by that of s teady s t a t e  diffusion equi l ibr ium. 

a n i s m  is the same  in both c a s e s .  

reduced by the ensuing enhanced pitch angle diffusion. 

rep len ishment  of pa r t i c l e s  and waves in a finite p l a s m a ,  the whole p r o c e s s  

would die out. With rep len ishment ,  a s teady  s t a t e  is conceivable.  

The underlying mech-  

Unacceptably l a r g e  growth r a t e s  a r e  

However ,  without 

It is c lear  that  escaping wave energy  can  be rep laced  by genera t ion  

f r o m  an  unstable pa r t i c l e  dis t r ibut ion i f  the growth r a t e  is posit ive and suffi-  

c ient ly  l a r g e ,  in o ther  w o r d s ,  i f  the medium h a s  gain.  Suppose that wh i s t l e r  

and ion cyclotron mode radiat ion bounces back and fo r th  along a tube of f o r c e  

between points which m a y  re f lec t  imperfect ly .  

wave intensity remain  constant is 

Then the condition that  the 

where  R is the ref lect ion coeff ic ient ,  y , is a m e a n  growth r a t e ,  typical ly  

the equator ia l  value f o r  r easons  ci ted in Section 2 ,  and 

delay t ime ,  o r  one wave packet  bounce per iod .  Since R e n t e r s  only logar i th-  

mica l ly ,  

wave equilibrium. 

Tw is the group 

y must  be only a few t i m e s  the bas i c  f r equency  l / T w  t o  maintain 
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This  only def lects  the question back t o  the pa r t i c l e  dis t r ibut ion.  What 

keeps  the growth r a t e  posit ive when lef t  to  i t s  own devices  it would r e v e r t  t o  

z e r o ?  

maintained.  

mechan i sms  which s teadi ly  f la t ten the pitch angle d is t r ibu t ion  o r  add pa r t i c l e s  

p re fe ren t i a l ly  with flat p i tches .  

but i t  must a l s o  have the p rope r  magnitude t o  sa t i s fy  (4. 1) .  

diffusion sends  pa r t i c l e s  towards  the l o s s  cone where  they  a r e  l o s t ,  pa r t i c l e s  

mus t  c l e a r l y  be replaced.  Therefore  t h e r e  mus t  be loca l  acce lera t ion  mech-  

a n i s m s .  T o  ou r  knowledge, no en t i re ly  sa t i s f ac to ry  acce le ra t ion  mechan i sm 

has  been proposed.  However ,  assuming that an iso t ropy  and acce lera t ion  

m e c h a n i s m s  exist, we c a n  d i scuss  the  diffusion equi l ibr ium which m u s t  ensue.  

F o r  it t o  be pos'itive at a l l ,  a flat pitch angle d is t r ibu t ion  mus t  be 

The re  m u s t  be sou rces  of pi tch angle an iso t ropy  - macroscop ic  

Not only m u s t  the growth  r a t e  be posi t ive,  

Since s teady  

4. 2 Diffusion Solution Including a Loss  Cone 

T h r e e  bas ic  physical  t i m e  sca l e s ,  the wave e scape  t i m e  the Tw , 
, and the pa r t i c l e  l i fe t ime TL , p a r a m e t r i z e  the TE pa r t i c l e  e scape  t i m e  

magnetospher ic  diffusion equilibrium. W e  sha l l  approximate  T , which 

has  a l r e a d y  been defined, by 
W 

(4.2) 
RE 

vG 
T M -  

W 

8 w h e r e  R - 6. 4 x 10 cm, L is the equator ia l  d i s tance  in  E a r t h  rad i i ,  and 

VG is the equator ia l  g roup  velocity. 
E -  

Once a pa r t i c l e  has  been sca t te red  into the l o s s  cone at the equator ,  

before  it is l o s t  t o  the atmos- TE it r e m a i n s  in the diffusion reg ion  a t ime  

p h e r e .  The e scape  t i m e  is  roughly the quar te r -bounce  t ime .  
TE 

(4. 3 )  
RE 

vR 
TE M - 

A flat pi tch angle pa r t i c l e  diffuses t o  the  loss cone in  roughly one 

l i fe t ime T A m o r e  p r e c i s e  definition of T L  is the total  number  of t rapped  L' 
p a r t i c l e s  on a tube of fo rce  divided by the r a t e  they diffuse into the l o s s  cone. 
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In th i s  sect ion we solve fo rma l ly  f o r  the pitch angle dis t r ibut ion in diffusion 

equi l ibr ium t o  find both the number  of t rapped  pa r t i c l e s  and the l o s s  r a t e  

and the re fo re  the  l i fe t ime - in t e r m s  of the equator ia l  wave intensi ty  and the 

. escape  t ime  

In consequence, we sha l l  be able to  show 

limit t o  s tably t rapped intensi t ies .  

- 

The equi l ibr ium pitch angle anisotropy the reby  is fixed. TE 
in Section 5 that  Tw s e t s  an  upper  

We f i r s t  find the solution inside the lo s s  cone,  and then m a t c h  th i s  

at the l o s s  cone boundary to  the appropr ia te  solution outside.  P a r t i c l e s  in 

the l o s s  cone will be los t  f r o m  the tube of fo rce  in a t ime  comparable  with 

. We es t imate  this sink by a t e r m  of the f o r m  F / T  The diffusion equation TE E '  
within the l o s s  cone a < a is the r e f o r e  

0 '  

assuming a << lo. 
0 

If B2k k:k is a s sumed  constant ,  cor responding  to  a wave spec t rum 

independent of frequency, the solution to  (4. 4)  which is finite at a = 0 is 

where  X(V) is  an a r b i t r a r y  function and I is the modified B e s s e l  function. 

X will  be fixed by matching a t  a = a with the  solution outside the l o s s  cone. 
0 

0 

We mus t  a s s u m e  a n  undetermined pa r t i c l e  s o u r c e  outside the l o s s  cone 

which maintains  a s teady  s ta te .  

t he re  f o r  e 

The diffusion equation fo r  this  region is 

2 2 
- v,  + VI1 

a F  - -  ( D  s i n a  - a a )  = s ( a , v )  ; v 2  - - 
1 a 

s i n a  aa  

where  s ( a )  r e p r e s e n t s  the addition to  a given ene rgy  she l l  of new pa r t i c l e s  

a t  f la t  pitches to maintain the lo s s  flux. If we a s s u m e  for  s impl i c i ty  tha t  all 

pa r t i c l e s  a r e  injected at f la t  pitches ( s o  that  s ( a )  = 0 except  a t  a = n / 2 ) ,  

(4 .5)  
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the diffusion flux is constant a t  any angle a < 7r/2 and equal to  S. 

7.f /2 
J. 

D". t a n a  - =J da s i n a 6  ( a - r / 2 ) s ( a , v )  = S(v) 
a a  

0 

( 4 . 7 )  

S is a l s o  the r a t e  that  pa r t i c l e s  enter  the lo s s  cone and is t he re fo re  the 

precipat ion flux. 

m o r e  t o  find E' 

2 -'- Assuming that Bkk'" is constant ,  we in tegra te  (4. 7 )  once 

F = -9 In ( s ina )  t ~ ( v )  
D-'. 

J, 

where  Z is a n  a r b i t r a r y  constant ,  and D.''/cosa = D. Matching the 

solutions inside and outside the loss  cones (4. 5) and (4. 7)  by requir ing 

that  F and the diffusion flux be continuous, gives two conditions which 

e l imina te  X and Z. ( 4 . 8 )  becomes a f te r  matching 

( 4 . 8 )  

(4.9) 

w h e r e  h (ao) is the loss cone solution ( see  (4. 10)) evaluated at the boundary 

a = a .  
0 

(4 .10 )  

J- 

T h u s ,  knowing the loss  r a t e ,  

ponding equi l ibr ium pi tch angle distribution. (The above solutions a r e ,  of 

c o u r s e ,  s y m m e t r i c  about a = 7 r / 2 .  ) 

TE , a. , and DTwe  can  calculate  the c o r r e s -  
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F o r  pure pitch angle diffusion, the l i fe t ime is the total  number  of 

t rapped  par t ic les  on a given ene rgy  she l l  divided by the loss  r a t e .  

0 

N 

The  diffusion s t rength is  pa rame t r i zed  by 

0 0 

s i n  a 
0 

(4 .11)  

The pitch angle prof i les  observed  in the l o s s  cone by [ O'Br ien ,  19641 

v a r y  f r o m  quite s t e e p  to  nea r ly  i so t ropic .  

"strong" diffusion, in two l imi t s  of the p a r a m e t e r  z . In weak diffusion, 

t he re  a r e  many  m o r e  pa r t i c l e s  a t  the edge of the loss  cone 

the c e n t e r ,  a = 0 ,  and many  m o r e  s t i l l  a t  flat pi tches  a = n/2  than n e a r  the 

lo s s  cone. In this limit, z >> 1 ,  and the l o s s  cone dis t r ibut ion i n c r e a s e s  

exponentially f r o m  a = 0 to  a = a according to  the asymptot ic  r e p r e s e n t a -  

tion of the Besse l  functions. Here  

These  co r re spond  t o  "weak" and 

0 

(a M a ) than  at 
0 

0 

0 

(4 .12 )  

when a << 1. In this r e g i m e ,  the l i fe t ime depends p r i m a r i l y  on wave inten-  

s i t y  a n d  only logari thmical ly  on the s i z e  of the l o s s  cone. 
0 

At the opposite e x t r e m e ,  the wave intensi ty  m a y  s o m e t i m e s  be suf f i -  

ciently intense to keep  the pi tch angle dis t r ibut ion n e a r l y  i so t ropic  even  in  

the l o s s  cone. 

the s i ze  of the l o s s  cone. 

t he re  is a minimum allowable l i fe t ime in s t eady  s t a t e ,  

independent of the detai ls  of wave intensity.  Taking z << 1 in the B e s s e l  

The r a t e  of pa r t i c l e  precipi ta t ion can  then depend only upon 

There fo re ,  even  when diffusion is v e r y  s t r o n g ,  
.I. e,. 

which is TL ' 

0 
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functions gives  

.L 1- TE 3 
T, M T  M 4 T , L  (4. 13) 

4. 3 Special  Moments  of the Diffusion Equi l ibr ium Distr ibut ion 

F o r  weak diffusion (h(ao) << 1) the above dis t r ibut ion in pi tch angle 

is independent of the pa r t i c l e  s o u r c e  s t rength ,  the diffusion coefficient o r  the 

number  of pa r t i c l e s .  S/d: appea r s  only as a multiplying constant ,  and does 

not de t e rmine  the functional dependence on a. As a r e s u l t ,  the an iso t ropy ,  

A ,  is independent of the above p a r a m e t e r s .  

choice in a s suming  that  the s o u r c e  of pa r t i c l e s ,  

a = ~ / 2 .  

o the r  choices  of s o u r c e  distributions.  

W e  have made  a r a t h e r  a r b i t r a r y  

is concentrated a t  S, 

We would, however ,  not expect o r d e r  of magnitude changes f r o m  

If we specify the pa r t i c l e  energy  dis t r ibut ion,  we can  calculate  A 

and q fo r  diffusion equi l ibr ium. In addition, we can  r e l a t e  q , t o  the omni- 

d i rec t iona l  flux, J ,  which is a n  observed quantity. Assuming the total  

d i s t r ibu t ion  has the f o r m  N F(a) S(V)/D-'. 

and 

.I, 

w h e r e  N is the number  densi ty  

- 
and using (4. 9 )  and (4. 10) for  F(a),  we m a y  calculate  the moment s  q and 

A f o r  the weak diffusion c a s e .  We a l s o  d r o p  t e r m s  h igher  o r d e r  in a . 
0 

(4. 15) 

(4. 16) 

Thus  f o r  a u r o r a l  f ield l i nes ,  AX 1/6. 
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The accura te  value of A is not c r u c i a l  in fu r the r  d i scuss ions .  How- 

e v e r ,  the idea that  in diffusion equi l ibr ium A will  be a constant  somewhat  

l e s s  than unity is m o s t  important .  This  sugges ts  that  unacceptably l a r g e  

growth r a t e s  cannot be reduced by isotropizat ion in pi tch angle a lone,  but 

that  resonant  par t ic les  m u s t  be los t  as well .  In effect  it is imposs ib le  to  

have a v e r y  sma l l  A and a v e r y  l a r g e  q and be in equi l ibr ium t o  all wave 

modes .  

upper limit on s tably t rapped  par t ic le  intensi t ies .  

This  conclusion sha l l  be used in Sections 5 and 6 . t o  de t e rmine  the 

Since the f rac t ion  of pa r t i c l e s  n e a r  r e sonance ,  T , can  play a c r u c i a l  

ro l e ,  i t  is important  t o  r e l a t e  q 

dimensions as T ) since J ,  the omnidirect ional  flux, N the to ta l  number  

densi ty  and the resonant  veloci ty  VR a r e  observables .  

(4. 14),  we compute the moment  J/V N in the weak diffusion limit and c o m -  

p a r e  with q (VR) .  

t o  the quantity J /V R N (which has  the s a m e  

Using the dis t r ibut ion 

R 

" R  U 
0 

(4.  17) 

Thus ,  the two moments  q and J a r e  s imply  r e l a t ed  by the appropr ia te  

dimensional  constants and a numer i ca l  f ac to r  of o r d e r  unity. 

fac tor  is essent ia l ly  independent of both the e n e r g y  s p e c t r u m  and the  s i z e  of 

the lo s s  cone. 

This  n u m e r i c a l  

5. WHISTLER MODE U P P E R  LIMIT T O  
STABLY TRAPPED ELECTRON FLUX 

5. 1 Introduction 

It was shown in Section 4 that  the p i tch  angle  an iso t ropy  A in s t eady  
s ta te  weak diffusion is vir tual ly  a constant .  

whis t le r  mode growth r a t e  m u s t  approach  i ts  s t e a d y  s t a t e  value by precipi ta t ing 

resonant  e lec t rons .  To  maintain a s teady  state,  t h e r e  m u s t  be a n  e l ec t ron  

acce lera t ion  source  which continually c r e a t e s  new re sonan t  p a r t i c l e s .  The 

Th i s  l ed  to  the suggest ion that  the 
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r a t e  a t  which this  occurs  de te rmines  the l i fe t ime and the magnitude of the 

precipi ta t ion flux. However,  the actual maximum omnidirect ional  flux which 

can  be s tably t rapped  i s  independent of the acce lera t ion  r a t e .  

e lec t rons  accumulate  due to accelerat ion until the i r  intensi ty  is  sufficient to  

cause  self-exci ted pitch angle diffusion. 

in precipi ta t ion,  and the t rapped flux cannot i nc rease .  

flux i s  calculated and compared  with observat ions in this section. 

s e r v e d  e lec t rons  > 40 keV a r e  found t o  be c lose  to  the i r  whis t le r  se l f -exc i ta -  

tion l imi t ,  with correspondingly heavy precipi ta t ion,  f o r  the range L > 4. 

Resonant 

F u r t h e r  acce lera t ion  then only r e su l t s  

This  l imiting e lec t ron  

The ob- 

5. 2 Calculation of Limiting Electron Flux 
.L 

The max imum stably trapped flux, J-'. , will  be implicit ly given by 

equating the wave growth r a t e  to  the wave e scape  r a t e  

(5 .1 )  
I n  G 
T y M- 

W 

s ince  y involves the  moment  q which can  b e  r e l a t ed  t o  a n  omnidirect ional  

flux J. 

f o r c e  n e c e s s a r y  to  balance wave absorption and/or l o s s e s .  

essent ia l ly  equal to  

4. 1. A factor  of 10 in  In G 

4 x 10 in wave energy.  

mine  G a r e  not well  known, it i s  c l e a r  that  y cannot be m o r e  than a few 

t i m e s  the wave-escape f requency  l /Tw. 

fo r  the  group velocity,  and (4. 17)  fo r  the omnidirect ional  flux, we solve 

G is the gain on one wave t r a v e r s a l  of the active region of a tube of 

G mus t  be 

1/R , the reflection coefficient d i scussed  in Section 

cor responds  t o  2 x lo4 in wave amplitude,  

While the detailed physical  p rope r t i e s  which de te r -  8 

Using the express ion  (2 .  20) f o r  the growth r a t e ,  (4.2) f o r  T Table 1 
W' 

2 / c m  - s e c .  B In G 
(1 -- ) (  2 c ,  

IQ-I 71 e RE 
Q J" D E R )  x 

1 A- - 
I 5 2 - 1 -  1 - 

w 
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where f 

the  equator ia l  dis tance of the l ine of f o r c e ) ,  

s t rength  in Gauss ,  

the speed of light, and e = 5 x 10- loesu ,  the electronic  charge .  

an iso t ropy  in diffusion equi l ibr ium, typically 1/6. 

approximation is val id ,  s o  that  w /  10- (=Ec /ER,  (5. 2)  reduces  to  

is the effective length of the line of force in E a r t h  r a d i i  (roughly 

B the equator ia l  magnetic field 
8 = 6 . 4  x 10 c m ,  and E a r t h  r ad ius ,  c = 3 x l o l o  cm/sec ,  

A- is the 
RE 

When the w / l Q - l  << 1 

4. (1 - Ec /ER) 2 
J". (> E R) = (5 .3)  l o  B 1 n G  / c m  - s e c .  P 10 

(A- - E c / E R )  

J, 

We f i r s t  examine the energy dependence of J-" implied by 5. 3. At 
4, ,I. 

the  low energy end of the spec t rum,  when E /ER M A- z 1/6. 
s ingular  and becomes negative at lower  energ ies .  However, th i s  s ingular i ty  

occur s  when the W /  IO-( << 1 approximation begins t o  b reak  down, and m a y  

not be rea l .  
In addition J"' (> E ) i s  independent of energy a t  high ene rg ie s .  In 

J i s  
C 

A m o r e  accu ra t e  calculat ion i s  needed to  c l e a r  up this  point. .*, 
R 

other  words ,  the l imiting spec t rum i s  flat. Since the ac tua l  s p e c t r u m  cannot 

be flat t o  a r b i t r a r i l y  l a r g e  energ ies ,  t h e r e  mus t  be a t r ans i t i on  energy  above 

which the t rapped e lec t ron  intensity has  not reached i t s  self-exci ta t ion limit. 

Above the t ransi t ion energy, e lec t rons  do not have sufficient gain to  prec ip i -  

ta te ,  and below it, they can  prec ip i ta te  when t h e r e  a r e  acce le ra t ion  s o u r c e s .  

Such a t rans i t ion  with increas ing  e lec t ron  energy f r o m  a diffusion dominated 

to  a stably t rapped reg ime i s  n e c e s s a r y  to  explain the  fact  tha t  v e r y  high 

energy electron precipi ta t ion (E  > 1 . 6  meV), i f  it occu r s ,  i s  unre la ted  t o  

that  a t  lower  energies  [ O'Brien,  19641. Above the  t r ans i t i on  energy, the 

observed  electron in tegra l  energy spec t r a  wil l  be fixed by the acce le ra t ion  

mechanism,  while below it should be reasonably flat. 

that  the l imiting flux c r i t e r ion  allows ha rd  energy  s p e c t r a  fo r  the  t rapped  

e lec t ron  population and is not inconsis tent  with the  observa t ions  of 1/E1-2 

spec t r a  [ McDiarmid, et a l ,  19641. 

It i s  impor tan t  to  note 
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. 
If e l ec t rons  a r e  continuously acce le ra t ed ,  t he i r  t rapped  flux will  

eventually be l imi ted  by whis t le r  mode pi tch angle diffusion. 

which they a r e  l imi ted  does not depend upon the r a t e  of par t ic le  acce lera t ion .  

The re fo re ,  in those regions where  acce lera t ion  is continuous,  the observed  

fluxes should be consis tent ly  nea r  c r i t i ca l ,  with intensi ty  var ia t ions  which 

depend only upon changes in the microscopic  p rope r t i e s  of the p l a s m a ,  B,  

E and s o  on. Whene.ver observed  fluxes a r e  wel l  below the i r  l imi t ,  t h e r e  

can  of c o u r s e  be intensi ty  var ia t ions which depend upon the acce lera t ion  mech-  

an i sm.  

the acce lera t ion  mechan i sm at  low L-she l l s ,  where  c r i t i ca l  f luxes a r e  high, 

and at high pa r t i c l e  ene rg ie s ,  because high ene rgy  pa r t i c l e s  a r e  l e s s  often 

n e a r  flux-limiting instabil i ty.  

The flux a t  

, 

C 

Thus ,  the t rapped  e lec t ron  population will  m o s t  c l ea r ly  respond to  

When acce lera t ion  is continuous, m o r e  and m o r e  of the e l ec t ron  d i s t r i -  

bution r e a c h e s  the l imit ing flux and the t rans i t ion  energy  the re fo re  i n c r e a s e s  

with t ime .  Thus ,  observed  t rapped pa r t i c l e  ene rgy  s p e c t r a  should become 

p rogres s ive ly  h a r d e r  with t ime.  For  ins tance ,  when acce lera t ion  is enhanced, 

high ene rgy  e lec t rons  should have their  peak a f t e r  the low ene rgy  e l ec t ron  

f luxes.  This  is somewhat  reminiscent  of behavior desc r ibed  by F r e e m a n  

[1964] fo r  magnet ic  s t o r m s  and fo r  var ia t ions  with K 
4. P' 

In the compar i son  of J"' (> 40 keV) with the corresponding observed  

e l ec t ron  f luxes ,  we m a y  neglect  Ec/ER. 

of a fac tor  two at 

F r o m  the ana lys i s  of Section 4 we take 

s t r eng th  B we subst i tute  (2 .25) ,  ( 2 .  26 ) ,  and ( 2 .  27). We a s s u m e  the effective 

length of the l ine of fo rce  has  no diurnal var ia t ion  and we e s t ima te  

lnG/f by 3/L, where  L is the equator ia l  dis tance of the tube of force  in 

E a r t h  rad i i .  The r e s u l t s  es t imated fo r  J-'. a r e  probably a c c u r a t e  to  a fac tor  

t h r e e .  

This  assumpt ion  makes  a n  e r r o r  

L M 3 and a p rogres s ive ly  s m a l l e r  e r r o r  at l a r g e r  L - she l l s .  

A- M 1/6. F o r  the magnet ic  field 

.(r 

6 2 10 7 x  10 .L 

J*''(noon, > 40 keV) M t 10 ( / cm - s e c )  
L4 

2 10 
( / cm - s e c )  7 x 10 .b 

J"'(dawn, evening,> 40 keV) M 

L4 

7 6 2 
7 x 10 l o  2 x 1 0  - 5 x 10 ( / c m  / s e c )  J"(midnight,  > 40 keV) t 

L4 L 

(5 .4 )  
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In Figure 3 we plot J-" (> 40 keV) calculated in the above way as a 

function of radial  dis tance and f o r  t h r e e  loca l  t i m e s ;  midnight,  dawn o r  

evening, and noon. Superposed is the range ,  min imum t o  max imum,  of 

> 40 keV e lec t ron  f luxes observed  n e a r  the equator ia l  plane by Exp lo re r  XIV 

over  a per iod  of months [ F r a n k ,  Van Allen and Hi l l s ,  1964; F r a n k ,  19651 and 

a l s o  the average  dis t r ibut ion with L-she l l  of > 40 keV prec ip i ta ted  e l ec t rons  

observed  on Injun 111 [ O'Br ien ,  

l i e  quite n e a r  the calculated upper  l imi t s  a t  each  rad ia l  dis tance.  

the observed  equatorial  f luxes w e r e  always wel l  below c r i t i c a l  f o r  

and t h e r e  was  little precipi ta t ion.  On the o ther  hand,  for  L > 4, the equa-  

t o r i a l  f luxes were  often c r i t i ca l ,  and the re  is considerable  precipi ta t ion.  

Thus ,  we conclude that  the lati tude dis t r ibut ion of precipi ta t ion and equator ia l  

t rapped  intensi t ies  a r e  mutual ly  consis tent .  

19641. The highest  equator ia l  f luxes observed  

Moreove r ,  

L < 4, 

In Figure 4, we c o m p a r e  the theore t ica l  flux limit fo r  L = 5,  6 , 8 ,  10 

with the ac tua l  distribution of fluxes m e a s u r e d  n e a r  the equator ia l  plane on 

Exp lo re r  XIV. Although occasional  points violate the l i m i t ,  the l a rge  ma jo r i ty  

l ie  in the region below the limit. At L = 5,  when the obse rved  e l ec t ron  f luxes  

a r e  o rd ina r i ly  l e s s  than J". (> 40keV) ,  t h e r e  is a reasonable  s c a t t e r  of points 

cor responding  presumably  to  a dependence upon the acce le ra t ion  mechan i sm.  

At J"' with a s m a l l e r  

s c a t t e r  than a t  L = 5. At L = 8 and 10 the s c a t t e r  again i n c r e a s e s ,  but 

h e r e  it m a y  well be due to  t i m e  changes in the magnet ic  field s t r eng th ,  length 

of the l ine  of fo rce ,  and S O  on, 

L = 5 and 6. One would pa r t i cu la r ly  expect  the night s i d e t o  be s t rongly  affected 

by var ia t ion  in  the s o l a r  wind and the magnetospher ic  tail flow. 

at L = 6 in par t icu lar  and l e s s  c l e a r l y  at L = 8 and 10, sugges ts  that  a 

continuous acce lera t ion  mechan i sm ex i s t s  f o r  L 2 6 which main ta ins  the 

t rapped e lec t ron  intensi ty  n e a r  its self-exci ta t ion l imi t .  

.e. 

.L 

L = 6 , the  observed f luxes c lus t e r  quite c lose ly  about 

which would be far m o r e  pronounced than at 

The behavior  

Since the Exp lo re r  XIV observat ions extended ove r  some  months ,  

many local  t imes  w e r e  sampled .  The data  shows s o m e  d iu rna l  intensi ty  v a r i a -  

tions which appears  to  be consis tent  with the p red ic t ed  va r i a t ion  given by (5.  4) .  

T h e r e  i s  a l s o  some evidence f r o m  F igure  5 . 4  tha t  obse rved  40keV e l ec t ron  

f luxes a r e  c lose r  t o  the c r i t i ca l  level  on the morn ing  s ide  of the E a r t h  than  at 
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Limitat ion on trapped > 40 keV e lec t ron  fluxes.  
theore t ica l  l imiting flux J':' i s  compared  with Exp lo re r  XIV 
equator ia l  t rapped fluxes a s  a function of the equator ia l  
rad ia l  dis tance.  
indeed c lose  t o  the theore t ica l  upper limit. 
the dis t r ibut ion with L-she l l  of Injun I11 precipi ta ted e lec t rons .  
As expected, strong precipi ta t ion only occur s  where  t rapped 
fluxes c a n  be  comparable  with the calculated l imiting flux. 

The  

The l a r g e s t  observed t rapped fluxes a r e  
We a l s o  show 
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Fig. 4 Limitation on t rapped  e lec t rons  > 40 keV . This  d i a g r a m  
permi ts  an  e s t ima te  of the d e g r e e  to  which observed  pa r t i c l e  
fluxes approach., their  l imiting value.  We have superposed  
the calculated J'" on Exp lo re r  XIV da ta  published by F r a n k  
(1965).  
limit. 
a t  L = 6 sugges ts  that  a continuous a c c e l e r a t i o n  mechan i sm i s  
operative he re .  

The major i ty  of points a r e  c l e a r l y  below the predicted 
The s m a l l  s c a t t e r  of points n e a r  but below the l imi t  
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other  loca l  t i m e s .  

maximum.  

and Bur rows ,  19641 and by r i o m e t e r  absorpt ion techniques [ Har tz ,  Montbriand 

and Vogan, 19631. 

This  would be consistent with a morning  precipi ta t ion 

Such a max imum has  been obse rved  with sa te l l i t es  [ McDiarmid  

6. LIMITATION UPON TRAPPED PROTON INTENSITIES 

The l imiting proton flux based on the ion cyclotron instabil i ty is found 

in  p r e c i s e l y  the s a m e  way as fo r  e lectrons.  Thus 

W 

When Ec/ER << 1 ,  then w / Q +  M ,/qR so that  (6. 1) reduces  to  

When dEc/ER << 1, the l imit ing e lec t ron  and proton fluxes a r e  identical .  

T h e r e f o r e  the number  dens i ty  of trapped ene rge t i c  pro tons  can  be as much  as 

f o r t y  t i m e s  l a r g e r  than the densi ty  of e l ec t rons  at the  s a m e  energy.  

The l imiting intensi ty  > 120 keV protons cor responding  to  self- 

exci ta t ion of ion cyclotron waves  is plotted in F i g u r e  5. Since 

t h e s e  protons becomes  roughly 1/10 at L fi: 4 ,  this  calculation becomes  

sens i t i ve  t o  the denominator  in ( 6 . 2 )  

o c c u r  at low L-she l l s .  

r e f e r r e d  to  the equator ia l  plane of protons with ene rg ie s  between 120 keV and 

4. 5 m e V  observed  with Exp lo re r  XI1 [Davis  and Williamson, We have 

mult ipl ied the direct ional  intensit ies given by 

by a f ac to r  4n to  t r ans l a t e  t o  the omnidirect ional  intensi t ies  shown 

Ec/E fo r  c 
(A' M 1/6) and significant e r r o r s  m a y  

Superposed a r e  a number  of rad ia l  dis t r ibut ions 

19621. 

Davis and Williamson [ 19621 
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i n  F i g u r e  5. 

l imit ing flux. 

c loseness  of the observed  fluxes to  the  l imit ing flux could imply a n  

acce lera t ion  mechanism which i s  balanced by precipi ta t ion beyond 

Since 

s p e c t r a ,  mos t  of the protons observed  m u s t  have been n e a r  the de tec tor  

th reshold  of 120 keV. 

have indicated that  the intensi t ies  of observed  100 keV protons a r e  re la t ive ly  

s tab le  with t ime,  while 1 meV protons exhibit l a r g e r  t ime  var ia t ions .  

is consis tent  with the idea that  1 meV procons usual ly  l ie  above the t r ans i t i on  

ene rgy ,  (i.  e .  , a r e  wel l  below the l imiting flux) do not have sufficient intensi ty  

to  be unstable ,  and therefore  re f lec t  the changes in the acce lera t ion  mech-  

an i sm.  

s t rengthens  the idea that  t hese  protons a r e  maintained at t h e i r  l imit ing flux. 

This  p rocedure  i s  probably a s  a c c u r a t e  as the  calculat ion of t he  

While the  data  shown only cove r s  a per iod  of a month,  the 

L = 4. 

Davis and Williamson, [1962] found re la t ive ly  soft proton ene rgy  

More  recent ly ,  Davis ,  Hoffman and Williamson,[ 19641 

This  

Moreover ,  the  constancy with t i m e  of > 120 keV pro tons  fu r the r  

7.  CONSISTENCY O F  LIFETIME AND OBSERVED 
PITCH ANGLE PROFILES 

The satel l i te  Injun I11 has  obtained the dis t r ibut ion with p i tch  angle of 

the  fluxes of e lec t rons  >40 keV n e a r  the E a r t h ,  We u s e  th i s  da ta  to  infer  

an e m p i r i c a l  diffusion coefficient which co r re sponds  to  a l i fe t ime in a g r e e -  

men t  with other  independent e s t i m a t e s .  

l i fe t ime without knowledge of the acce lera t ion  s o u r c e s ,  but we can  s ta te  that  

the l i fe t imes  and observed  pi tch angle prof i les  a r e  mutua l ly  cons is ten t ,  t h e r e -  

by strengthening the diffusion hypothesis.  

It is not poss ib le  to  p red ic t  th i s  

To f o r m  a cor respondence  between Injun I11 pi tch angle da ta  and 

diffusion theory ,  we a s s u m e  that  cyclotron r e sonance  int ,eractions occur  only 

in a na r row s t ruc tu re l e s s  interact ion reg ion  in the geomagnet ic  equator ia l  

plane.  

appropr ia te  equatorial  va lues ,  we a s s u m e  the e l ec t rons  t r a v e l  adiabat ical ly  

outside the interaction region. Secondly we a s s u m e  tha t  the functional depend- 

ence  upon pitch angle of the flux >40 keV a t  1000 k m ,  which is what O 'Br i en ,  

[1964] obse rves ,  is s i m i l a r  t o  that of the equa to r i a l  dis t r ibut ion function i t se l f  

in the following sense.  The equator ia l  pi tch angle  d is t r ibu t ion  should be given 

To t rans la te  data  collected by Injun I11 at 1000 km al t i tudes t o  the 
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l imiting proton flux J" (> 1 2 0  keV). L > 4 it a p p e a r s  
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F o r  
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by (4. 9) and (4. 10). 

B2/8aN, 

s o  that  the directiondl flux 

If the observed  pa r t i c l e s  have ene rg ie s  wel l  above 

e a c h  ene rgy  she l l  will have the  s a m e  pi tch angle dis t r ibut ion 

j inside the loss  C Q E ~  will have t h e  foriii 

(7 .1 )  

' R  

S"' 

assuming that  the de t ec to r s  s c a n  a sufficiently n a r r o w  solid angle ,  the ob- 

s e r v e d  flux dis t r ibut ion at 1000 k m  can  be re la ted  to  (7. 1) by t rans la t ing  t o  

the appropr ia te  pitch angle using the adiabatic re la t ionship 

A similar s ta tement  holds fo r  the flux pitch angle dis t r ibut ion outside the 

l o s s  cone. Knowing j at two points inside the l o s s  cone defines D-" s ince  

is the r a t e  at which flux is c rea t ed  by the acce lera t ion  source .  Then - 

2 s i n  a /B  = cons t .  

.e. 

"1 - a 2 

( 7 . 2 )  

assuming a , @ F i  >> 1 o r  "weak" diffusion. Note that  the  diffusion coeffi-  

cient and l i fe t ime depend p r i m a r i l y  logar i thmica l ly  on the r a t io  of d i rec t iona l  

f luxes . 
The Injun I11 precipi ta t ion da ta  [ 0' Brien ,  19641 contains sho r t  "sp lashes"  

w h e r e  the direct ional  flux approaches  pitch angle isotropy.  

s e e m  to  be superposed on a s teady  weak precipi ta t ion background,  o r  "dr izzle ."  

During d r i zz l e ,  the observed  f luxes typically d e c r e a s e  by a fac tor  10 between 

de tec to r s  which a r e  spaced  1 a p a r t  in equator ia l  pi tch angle .  

t o  a dr izz le  diffusion coefficient of 

These  "sp lashes"  

0 This  co r re sponds  

(7. 3 )  
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and a s suming  L = 6, a l i fe t ime ( f r o m  (4. 12)) 

4 T L  M 3 x  10 s e c  ( 7 . 4 )  

3-5 This  l i fe t ime is in rough agreement  with the e s t ima te  10 

T h e r e  he used  the observed  

s e c  made  

by 
precipi ta t ion fluxes and independent information on equator ia l  f luxes (which 

p e r m i t s  an e s t ima te  of the total  number of t rapped  p a r t i c l e s  on a tube of 

f o r c e )  t o  gene ra t e  an approximate  l i fe t ime.  We use  the assumpt ion  of diffusion 

equi l ibr ium and the observed  pi tch angle p ro f i l e s  and find a cons is ten t  l i fe t ime.  

Both these  e s t i m a t e s  yield the "instantaneous" l i fe t ime:  

l i fe t ime a pa r t i c l e  would have if precipi ta t ion continued a t  p r e c i s e l y  the same 

r a t e .  

F o r  ins tance ,  "sp lashes"  and other nonsteady enhanced precipi ta t ion could 

r educe  the res idence  t i m e  below its s teady  s t a t e  "dr izzle"  value.  

o ther  hand, the equator ia l  intensity of t rapped  pa r t i c l e s  m a y  not always be 

suf f ic ien t ly  g r e a t  t o  allow precipi ta t ion t o  occur ,  thus lengthening the r e s i -  

dence t ime .  

O 'Br ien ,  [1963] on the bas i s  of Injun I data .  

in o ther  words ,  the 

The ac tua l  r e s idence  t ime  of any given pa r t i c l e  could be quite different.  

On the 

Some idea of the  long t e r m  behavior of the pi tch angle dis t r ibut ion 

m a y  be obtained f r o m  the median  flux dis t r ibut ions in  B and L (which is 

equivalent  t o  a pitch angle dis t r ibut ion)  both inside and outside the l o s s  cone 

r ecen t ly  published by Arms t rong ,  [1964]. 

along the magnet ic  field saw e lec t rons  p r i m a r i l y  in the l o s s  cone. 

de t ec to r  had an  opening angle of 43 , all the e l ec t rons  detected w e r e  in the  

l o s s  cone fo r  B > 0 . 2 7  Gauss  roughly. F r o m  these  loss  cone d is t r ibu t ions ,  

we c a n  compute the diffusion coefficient and l i fe t ime as before .  These  e s t i -  

mates a re  s u m m a r i z e d  i n  Table  2.  

and t h e  equator ia l  gyrof requency  we can  compute the  equator ia l  wide band 

w h i s t l e r  mode  intensi ty  using 3.  10. 

a r e  not d i scussed  until  Section 8. 

The de tec tor  on Injun I11 or ien ted  

Since th i s  
0 

.l. 

Knowing the  diffusion coefficient D". 

These  a r e  a l s o  l i s t ed  i n  Table  2 but 
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TABLE 2 

L 4 5 6 7 

L i fe t ime based 
on Median d i s t r i -  4 4 4 

3 x 10 s e c  5 x  10 s e c  7 x l o 4  s e c  bution 10 s e c  

Required whis t le r  
intensi ty  2 x y y 8 x y 6 x l o e 3  y 

We conclude that the median  pitch angle prof i les  in the lo s s  cone a r e  a l s o  

cons is ten t  with the l i fe t ime e s t i m a t e s ,  and that  t he re fo re  

a r e  often diffusion l imited for  L > 4. 

40 keV e l ec t rons  

Arms t rong ' s ,  [ 19641 median 40keV e l ec t ron  pi tch angle dis t r ibut ions 

outs ide the l o s s  cone a r e  a l s o  consis tent  with a diffusion equi l ibr ium profi le .  

Th i s  dis t r ibut ion should have the f o r m  

1 s i n a  
s ma h(ao)  -t In - j ( Z E R , a )  = - 

0 

The omnidirect ional  flux is 

J- 

F o r  weak diffusion, SS::/D is re la ted  t o  Ja'- as follows 

.I. J. 

S-I- J - M -  
4nln( 2 /e a ) D$ 0 

(7 .6)  

( 7 . 7 )  

4, 

The arguments  of Section 5 p e r m i t  a n  e s t i m a t e  of J-'. , and t h e r e f o r e  

S"/D,  without p rec i se  knowledge of the acce le ra t ion  s o u r c e .  Using these  

va lues  of J". 
.II 

we can then predic t  the equator ia l  t r apped  e l ec t ron  pitch angle 
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dist r ibut ion in diffusion equi l ibr ium. The adiabatic pi tch angle t r ans fo rma t ion  

then p e r m i t s  compar ison  with 

show this  computed 40 keV e lec t ron  pi tch angle dis t r ibut ion fo r  

Superposed a r e  the median>40 keV e lec t ron  fluxes observed  on Injun I11 ove r  

each  range .  

but outside the l o s s  cone appea r s  to  have a s lope cons is ten t  with the log ( s i n a )  

dis t r ibut ion calculated for  weak diffusion equi l ibr ium. However ,  the median  

intensi ty  is much c l o s e r  t o  the l imiting s teady  state intensi ty  than would be 

the c a s e  in F igu re  4 fo r  the median of the equator ia l  omnidi rec t iona l  f luxes.  

The  gene ra l  t rend  is similar in  that  

instabi l i ty  for  both equator ia l  omnidirect ional  fluxes and those  n e a r  the loss  

cone than L = 6 and 7. 

n e a r  the l o s s  cone a t  L = 6 and 7 which a r e  above the med ian  and thus violate  

the intensi ty  limit. 

Since sp l a shes  never  go beyond isotropizing the pi tch angle dis t r ibut ion in 

and n e a r  the loss  cone,  they m a y  cor respond t o  a n  impulsive inc rease  in the 

diffusion coefficient.  Isotropy in and n e a r  the lo s s  cone co r re sponds  to  the 

s t rong  r a t h e r  than weak diffusion case  which in tu rn  allows the l imit ing flux 

outside the l o s s  cone to  i n c r e a s e ,  s ince the anisotropy A d e c r e a s e s .  

Arms t rong ' s ,  [ 19641 data .  In F i g u r e  6 we 

L = 5,  6 ,  7 .  

The dis t r ibut ion with pitch angle of observed  med ian  f luxes n e a r  

L = 5 is f a r t h e r  away f r o m  self- l imit ing 

Moreover , there  a r e  many individual observa t ions  

This  violation m a y  be re la ted  to  the unsteady sp la sh  events .  

In gene ra l ,  w e  expect  the flux in and n e a r  the lo s s  cone to  fluctuate 

m o r e  with time than the equator ia l  flux for  two r e a s o n s .  

sp l a shes  should be m o s t  pronounced n e a r  the l o s s  cone. 

bution in and nea r  the loss  cone is sensi t ive t o  the amount of precipi ta t ion.  

P a r t i c l e  dumping only o c c u r s  when the equator ia l  flux is n e a r  self- l imitat ion.  

If the f luxes a r e  always n e a r  self- l imitat ion,  observed  equator ia l  intensi t ies  

should not f luctuate much;  however,  small re la t ive  changes in the equator ia l  

flux then lead to  l a r g e  f rac t iona l  changes in the precipi ta t ion r a t e .  

similar vein,  

i n c r e a s e  with increas ing  K far  less than do prec ip i ta ted  intensi t ies .  

F i r s t ,  the  e f fec ts  of 

Secondly, the d i s t r i -  

In a 

0' Brien ,  [1964] has observed  that  equator ia l  t rapped  intensi t ies  

P 
We have a l s o  compared  Injun I11 observat ions of > 230 k e V  e l ec t rons  

wi th  the theore t ica l  pitch angle distribution outside the loss  cone. 

L = 4,  5 ,  6 and 7 nea r ly  all fluxes observed  lie below the l imiting intensity.  

While the dis t r ibut ion of median  fluxes lies below the l imit ing intensi ty  and 

the  median  slope does not a g r e e  as wel l  with theory  as the > 40 keV c a s e ,  the 

F o r  
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dist r ibut ion of max imum fluxes in a n  in te rva l  of B has  the s a m e  rough s lope 

and magnitude a s  the l imit ing flux. 

only fo r  in tense  fluxes.  

i s  not i so t ropic ,  we infer  that  splashes a re  probably less common  for  > 230 keV 

e lec t rons  than f o r  > 40 keV electrons.  

enough to  approach  the i r  self-excitation l imit .  The i r  pitch angle  prof i les  differ  

considerably f r o m  those  a t  lower energ ies  implying that  t h e s e  p ro f i l e s  a r e  fixed 

by o ther  mechan i sms .  This  decreas ing  cor respondence  with diffusion theory  

a s  the pa r t i c l e  energy i n c r e a s e s  is  probably explainable by the s ta tement  tha t  

highly energe t ic  pa r t i c l e s  a r e  l e s s  often n e a r  the i r  flux limit. 

Thus, even weak diffusion probably occur s  

Since the pitch angle  dis t r ibut ion of max imum fluxes 

> 1 . 6  meV e lec t rons  a r e  not in tense  

8. DISCUSSION O F  EQUATORIAL V L F  WAVE INTENSITY 

The wide band V L F  fluctuating magnet ic  field in tens i t ies  necessa ry  t o  

We now d r ive  the  observed  pitch angle diffusion a r e  summar ized  i n  Table  2. 

can es t ima te  the impor tance  of wave-wave sca t te r ing  mentioned i n  Section 3 .  1 

as a n  a l t e r n a t e  non-l inear  effect whose neglect  would be  just i f ied in  th i s  section. 

Camac,  et al, [ 19611 have est imated the r a t e  of change of wave energy i n  

b inary  wave col l is ion a s  

2 2 (%) wave-wave sca t te r ing  U P w  ; Pw = (B' /B)  

Wave-wave sca t te r ing  mus t  be  included when waves a r e  sufficiently in tense  

tha t  the  wave-sca t te r ing  t i m e  becomes comparable  to  the wave growth t ime.  

m 
1 

W - - -  1 
I n  G wpW 

9 Using w M l o 4  rad /sec ,  and the calculated p, of 3 x 1 0  , we find that 

l/w pw is  3 x 10 4 sec ,  a t ime  long compared  with Tw/ lnG M 1 sec .  

At present ,  the only published whis t le r  data avai lable  involves m e a s u r e -  

m e n t s  taken at relat ively low alt i tudes.  

depends upon an  extrapolation of the wave intensity predicted for  the geomagnetic 

equator  t o  a corresponding intensity n e a r  the Ear th .  

Comparison with our  theory the re fo re  

An upper  limit to  the wave intensi ty  expected n e a r  the E a r t h  a s s u m e s  

tha t  all waves generated n e a r  the equator  propagate  completely t rapped with- 
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out attenuation on a tube of fo rce .  

sect ional  a r e a  A". of the tube of f o r c e  will be constant 

Then the energy flux a c r o s s  a c r o s s -  
.?, 

' 2  ( B  ) VG A" 

8n = constant (8 .3)  

- 
Since w / /  Q 1  << 1, the group velocity V 

o i s  constant,  the group velocity following a wave packet i s  propor t iona l  t o  

d m ,  s ince  A-'*- 1/B, then VGA'"- 1/m. 

the wave intensity will  be 

is  roughly 2 4- VA . Since G 

.c .,- 
Then at a n  al t i tude of 1000 km, 

1 1 N(1000)  /1'4 
N ( equator  1 

B( 1000) N(  1000)  
(looo) (equator) B(equator)  N(equator)  

A rough es t imate  of the densi ty  r a t i o  l eads  to  B'(1000) 10B' 

(equator) ,  and a wave intensity at 1000 k m  of roughly 1/1Oy. Gurne t t  and 

' O ' B r i e n  [ 19641 r e p o r t  ave rage  chorus  ampli tudes between 0. 5 and 7 kc/s  

T h e r e  i s  t he re fo re  a fac tor  100 d i s -  of 8 x 

c repancy  between our  predict ions of wave energy  based on idea l  propagat ion 

and observat ions . 

y a t  1000 k m  and L = 5. 

The difficulty probably l i e s  with the idea l  propagation as sumption, 

which cons i s t s  of two pa r t s .  

of fo rce  i n c r e a s e s  the wave intensi ty  by the a r e a  r a t io  of t he  flux tube (-200). 

This  produces an ove res t ima te  s ince  guidance i s  imper fec t  when the  tube of 

fo rce  i s  not a l so  a propagation duct. 

growth a t  the  equator,  t h e r e  may wel l  be significant damping e l sewhere  on 

the  propagation path. F o r  example,  the 111 = 0 Cerenkov r e sonance  wi l l  

always damp the wave and probably becomes impor tan t  a s  waves move  away 

f r o m  the  equator and no longer  propagate  p a r a l l e l  to  the ex te rna l  magnet ic  

field. 

First, the a s s u m e d  per fec t  guiding of the  tube 

Secondly, although we expect wave 

While a d i r ec t  ver i f icat ion of the pred ic ted  equator ia l  wave intensi ty  

has  not been made, we can show that the pred ic ted  ampli tude and the observed  

lo s s  of par t ic le  energy lead to  an  es t imate  of the equator ia l  growth r a t e  con-  

s i s ten t  with the requi rements  of diffusion theory .  If the  d r i z z l e  observa t ions  
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correspond t o  a s teady  s t a t e ,  the growth rate in the equator ia l  region m u s t  

balance the l o s s  of waves up the line of force .  

waves conse rve  energy  

Since resonant  pa r t i c l e s  and 

0 

r 3 

Where 

nt p a r t i  

E and Ew a r e  the equator ia l  energy  densi ty  in waves and 

l e s ,  respect ively.  Since dEw/dt = 2 y ( B ' )  /87r), we can  

e s t ima te  y knowing B' and d E  /dt. F r o m  the observed  l i fe t ime and the 

l imit ing intensi ty  of resonant  par t ic les  a t  the equator ,  we find dE\;i/dt. 

we compute y and c o m p a r e  it with the cha rac t e r i s t i c  f requency,  

P 2 

P 
Then 

l/Tw. 

E lec t rons  r andom walk about a rad ian  in the i r  l i fe t ime.  Thei r  pa ra l l e l  

o r  perpendicular  ene rgy  changes by its own o r d e r  of magnitude during th i s  

t ime .  

t i m e s  the  change in any component o r  A E M "/ I Q - 1  ER. Since t h e r e  is a 

net  diffusion f l u x  towards  the l o s s  cone, pa r t i c l e s  de l iver  ene rgy  to  waves ,  

at a r a t e  propor t iona l  t o  the energy  l o s s  p e r  pa r t i c l e  A E ,  the number  of 

r e sonan t  pa r t i c l e s  p r e s e n t  J /VR,  and is inverse ly  proport ional  t o  the 

pa r t i c l e  lifetime 

In resonant  in te rac t ions ,  the change in total  ene rgy  is roughly W /  In- I 

TL' 

.L 

E J-'. 
w 

d E  
P N  - - - -  - 

dt 1 ~ 2 - 1  V ~ T ~  

M l o l o  cm/sec  and w / I S 2 - 1  M 0. 1. At L = 6, 
7 2 TL M 3 x 1 0  4 vR If ER x 40 keV, 

J(b40keV) is l imi ted  to  a value M 3 x 10 /cm - sec .  Choosing 

s e c ,  the lo s s  of pa r t i c l e  ene rgy  density is 

3 d E  
-p "N - 5 x 1 0 - l ' e r g s  /cm - s e c  
d t  

-2 
Using the value of B' der ived f r o m  the diffusion solution, B' x 10 y 

we in fe r  a growth r a t e  f r o m  the  rate of change of wave energy 
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9 When u//Q-~ M 0. 1 ,  the equator ia l  group velocity is roughly 2 x  10 

c m / s e c  s o  that  

V 
"N - -V - 0 . 5  rad /sec .  1 

RE T- 
W 

There fo re  using these  rough a rgumen t s ,  we predic t  y T  M 1 ,  whereas  we 

used y T w  = 3 to pred ic t  3'" in Section 5.  

a r e  mutual ly  consistent within the i r  rough 

.t. W 

It i s  c l e a r  that all t hese  a rgumen t s  

accuracy .  

We conclude that the requi red  wave intensi t ies  a t  the equator  a r e  s e l f -  

No unambiguous compar ison  of predicted and observed  wave consis tent .  

intensi t ies  can  be m a d e  a t  p re sen t ,  However ,  equator ia l  V L F  m e a s u r e m e n t s  

should be helpful in this r ega rd .  

9 .  SUMMARY AND DISCUSSION 

2 F o r  par t ic le  energ ies  g r e a t e r  than B / 8 r N  the interact ion of wh i s t l e r  

noise  with e lec t rons  and ion cyclotron noise with ions 

pitch angle.  l y e  have observed  that the s teady  s ta te  pitch angle dis t r ibut ion 

subject  to  the boundary condition that pa r t i c l e s  a r e  lo s t  f r o m  the loss  cone 

has  a n  a l m o s t  constant anisotropy which is of the appropr i a t e  s ign to  be un- 

s tab le .  

t o  the number  of resonant  pa r t i c l e s .  

to  rapid diffusion and loss of par t ic les ,  the number  of t rapped  pa r t i c l e s  i s  

self- l imit ing.  Too l a rge  a par t ic le  densi ty  r e s u l t s  in a rap id  wave growth 

and a resu l tan t  l o s s  of pa r t i c l e s .  A s  a rough c r i t e r i o n  we have suggested 

that the l imiting par t ic le  Ilux co r re sponds  to  a wave growth of a few e-foldings 

during t r a v e r s a l  of the e n ~ i a t o r i ; ~ ]  r c i T i o i 1 .  

l eads  to  diffusion in 
1- - 

The resul tant  growth r a t e  of the waves is  then d i r ec t ly  proport ional  

Since a l a r g e  wave ene rgy  deiisity l eads  

While the es t imate  of the l imiting f lux is  an absolu te  calculat ion with- 

out empir ica l ly  adjusted constants,  it does  contain a number  of f a c t o r s  each  

of which m a y  be uncertain to  a f ac to r  two. 

based  on a par t icu lar  dis t r ibut ion of the s o u r c e  of par t ic les ,  the  effective 
length along the  field l ine over  which growth o c c u r r e d  w a s  somewhat  

a r b i t r a r i l y  taken a s  

may  be  somewhat  uncertain.  

In pa r t i cu la r ,  the an iso t ropy  w a s  

LRE, and finally the loga r i thm of the r equ i r ed  gain 
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The upper  limit on stably t rapped pa r t i c l e  fluxes was  calculated 

This  assuming a s teady s t a t e  "weak" diffusion model  for  precipitation. 

model  is  probably adequate  fo r  a descr ip t ion  of the long t e r m  behavior of 

the so-ca l led  "stably" t rapped  regime, i. e. , those  L- she l l s  below the 

a u r o r a l  zone on the night side,  and near ly  all L- she l l s  out t o  the boundary 

of the magnetosphere  on the day-side.  Observat ions of t rapped  o r  

precipi ta ted fluxes which s t rongly exceed th i s  calculated upper  l imi t  m a y  

cor respond e i ther  t o  a non-steady s ta te  o r  t o  a n  exceptionally s t rong  source .  

If t rapped  pa r t i c l e  in tens i t ies  f a r  exeed the i r  limit, waves could build up 

rapidly 

allowable l i fe t ime,  a sufficiently s t rong pa r t i c l e  energizat ion s o u r c e  can  

main ta in  s t rong  diffusion. 

d i f fus ion  upper  limit. However, a t  t hese  times, the  pa r t i c l e  pitch angle 

d is t r ibu t ions  will be nea r ly  i so t ropic  (A NN 0), precipi ta ted fluxes will  

then be comparable  to  t rapped  fluxes,  and the pa r t i c l e s  will  have the i r  

m i n i m u m  l i fe t ime T L  . 
diffusion upper  limit will  be obeyed. 

t o  c r e a t e  a s t rong  diffusion r eg ime .  Because  t h e r e  is  a m i n i m u m  

Then the fluxes observed  m a y  violate the weak 

.b ,,- 
F o r  weaker energizat ion sources ,  t he  weak 

Compar ison  of the weak diffusion limit with observat ions of e lec t rons  

> 40 keV and protons > 120 keV, indicates that, with s o m e  exceptions,  th i s  

upper  limit is obeyed. Fu r the rmore ,  in  the range  L > 4 the  fluxes a r e  c lose  

to  the  limit. 

mechan i sm.  

tha t  such  a mechan i sm exis t s .  

de t e rmined  by acce le ra t ion  but by the above limit. 

We have not attempted t o  d i scuss  a pa r t i c l e  acce le ra t ion  

The  observat ion that the  fluxes a r e  c lose  to  the l imi t  indicates  

However, the ac tua l  t rapped  flux is not 

As a m o r e  specif ic  i l lustrat ion,  the observed proton and e lec t ron  

f luxes a re  comparable  implying much l a r g e r  energe t ic  proton than  e lec t ron  

number  dens i t ies .  

mechan i sm f o r  protons than for  e lectrons.  

l imi t ing  f luxes which a re  the same.  

number  dens i t ies  r e su l t  f r o m  the  fact  that  the e lec t rons  r e a c h  the i r  number 

dens i ty  limit e a r l i e r .  

the  r ing c u r r e n t  during magnet ic  s t o r m s  can  be  a s  much a s  40 t i m e s  g r e a t e r  

t han  the e lec t ron  contribution. 

However, this  does not imply a m o r e  effective acce lera t ion  

Both spec ies  a r e  n e a r  the i r  

Therefore ,  the lower energe t ic  e lec t ron  

It follows that the contribution of energe t ic  ions to  
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Similar ly  the  observat ions of ha rd  energy s p e c t r a  is  probably r e l a t ed  

to  the fact  that the l imit ing flux is essent ia l ly  independent of energy.  

t rapped  par t ic les  a r e  built up to  the i r  l imiting flux over  a r ange  of energ ies  

the observed  spec t rum will  be  v e r y  hard .  T h e r e  must ,  of cour se ,  be  s o m e  

t r ans i t i on  energy beyond which the flux i s  no longer  nea r  i t s l i m i t  and a 

so f t e r  spec t rum exis ts .  

L = 6 electrons a t  40 keV a r e  f requent ly  nea r  the limit while at 240 keV 

they a r e  only occasionally at the  limit. 

If 

A rough examination of the data  sugges ts  that  a t  

The probable exis tence of a t rans i t ion  energy fo r  precipi ta t ion 

sugges ts  that  precipi ta ted fluxes should have a sof te r  energy spec t rum than 

t rapped  fluxes. If the s p e c t r a l  de te rmina t ion  i s  made  using observat ions 

a t  two energies ,  one above and one below the t rans i t ion  energy,  the t rapped 

pa r t i c l e s  will  appea r  i n  both channels while precipi ta ted pa r t i c l e s  will  appea r  

only i n  the lower energy channel and will  thus show a so f t e r  spec t rum.  Of 

course ,  s ince precipi ta t ion occur s  p r i m a r i l y  when t rapped  fluxes a r e  n e a r  

t he i r  upper  l imit ,  precipi ta t ion should c o r r e l a t e  with high ove ra l l  t rapped  

intensi ty .  

both co r r elations.  

Measurements  made  with Injun I11 ( F r i t z ,  1965) appea r  t o  support  

Severa l  o ther  observat ions support  the suggest ion tha t  wave-par t ic le  

in te rac t ions  a r e  indeed impor tan t .  

within and near  the  lo s s  cone i s  consis tent  with diffusion based  on wave 

in te rac t ions .  

of IOm2 y a t  the equator  in  the neighborhood of L = 6. As an  in t e rna l  

consis tency check the par t ic le  precipi ta t ion r a t e  is sufficient t o  account  

fo r  a n  energy t r ans fe r  t o  the waves a t  r a t e  cons is ten t  with the  gain r equ i r ed  

in  es t imat ing the l imiting flux. The above fluctuating field ampli tude m a y  

be somewhat l a rge r  than observat ions a t  1000 k m  al t i tudes might  suggest .  

However, propagation f r o m  the equator ia l  i n t e rac t ion  reg ion  t o  the  sa t e l l i t e  

has  s e v e r a l  uncertaint ies .  The r e s u l t s  f r o m  sa t e l l i t e  m e a s u r e m e n t s  a t  

the equator  will g rea t ly  help to  c la r i fy  this  point. 

The  observed  d is t r ibu t ion  of pa r t i c l e s  

This sugges ts  a typical  ampli tude of the  magnet ic  field noise  

While resonant cyclotron in te rac t ions  between whi s t l e r  and ion 

cyclotron waves and energet ic  e lec t rons  and pro tons  p red ic t  a reasonable  

upper  l imi t  t o  trapped par t ic le  intensi t ies  i n  rough a g r e e m e n t  with obse rva -  

t ions,  numerous phenomena have been overlooked i n  th i s  g r o s s  ana lys i s .  A 
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number  of m o r e  subt le  in te rac t ions  will  probably need cons idera t ion  in  o r d e r  

t o  explain the  fu l l  va r i e ty  of observed phenomena. 

ment ion two spec i f ic  'phenomena. 

to  d e c r e a s e  even when i ts  intensity is wel l  below the self-exci ta t ion l imi t  

[ F r a n k ,  Van Allen and Hil ls ,  19641. At f i r s t  s ight ,  this  a p p e a r s  outside the  

scope of e lec t ron  whis t le r  mode interact ions s ince  wave ene rgy  cannot i n c r e a s e  

rapidly enough to overcome wave propagation l o s s e s .  The re  a re ,  however ,  

a t  l e a s t  two o ther  poss ib le  sou rces  of wave ene rgy  which conceivably could 

p lay  a ro le  in such  a c a s e .  

l ine and propagate  to  the field l ine in question. 

qu i r e s  understanding of conditions on o ther  field l ines  as wel l  as of the propa-  

gation of waves a c r o s s  field l ines .  

the s a m e  field l ine ,  but a t  a different resonance .  We have only invest igated 

h e r e  the predominant  resonance  f o r  wave growth. However,  a s  waves move 

away f r o m  the equator ,  they will no longer  propagate  s t r i c t l y  pa ra l l e l  t o  the  

magnet ic  f ie ld ,  and dr iven  velocity space  diffusion a t  o ther  r e sonances  m a y  

r e s u l t .  Thus,  wave growth due to pa r t i c l e s  a t  one ene rgy  could cause  p r e c i -  

pitation of pa r t i c l e s  a t  another  energy  by means  of in te rac t ions  occurr ing  

away f r o m  the geomagnet ic  equator .  

A s  an  i l lustrat ion,  we  

The t rapped  e lec t ron  flux h a s  been observed  

Wave energy  could be genera ted  on a different  f ield 

Evaluation of th i s  point r e -  

Secondly, waves might  be genera ted  on 

We have a l s o  not d i scussed  any  effects  due t o  s t r u c t u r e  in the frequency 

d is t r ibu t ion  of waves o r  any t ime dependent phenomena. 

l imit ing flux could be violated for  s h o r t  times s ince  even in the  s t rong  diffu- 

s ion  l imi t ,  the min imum t ime for  diffusive depopulation of the f ie ld  l ine is the 
2 o r d e r  of 10 sec .  

the fascinat ing va r i e ty  of s t ruc tu red  wave emiss ions  which have been r eco rded  

indicate  that m o r e  detai led t ime-dependent  mechan i sms  relat ing specif ic  

waves  and pa r t i c l e s  a r e  requi red .  

F o r  example ,  the 

The s t rong  fluctuations in precipi ta t ion fluxes as well  as 
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